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MODULI SPACES OF STABLE SHEAVES ON ABELIAN SURFACES
KO¯TA YOSHIOKA
0. Introduction
Let X be a smooth projective surface defined over C and H an ample line bundle on X . If KX is trivial,
that is, X is an abelian or a K3 surface, Mukai [Mu4] introduced a quite useful notion now called Mukai
lattice (Hev(X,Z), 〈 , 〉), where Hev(X,Z) = ⊕iH2i(X,Z) and 〈x, y〉 = −
∫
X(x
∨y) (see Defn. 1.1). 〈 , 〉
is an even unimodular bilinear form. For a coherent sheaf E on X , we can attach an element of Hev(X,Z)
called Mukai vector v(E) := ch(E)
√
tdX , where ch(E) is the Chern character of E and tdX is the Todd class
of X . If X is an abelian surface, then tdX = 1, and hence v(E) is nothing but the Chern character of E. For
an element v ∈ H∗(X,Z), we denote the 0-th component v0 ∈ H0(X,Z) by rk v and the second component
v1 ∈ H2(X,Z) by c1(v). We set ℓ(v) := gcd(rk v, c1(v)) ∈ Z≥0. Then v is written as v = ℓ(v)(r + ξ) + aω,
where ω is the fundamental class ofX , r ∈ Z, ξ ∈ H2(X,Z) and r+ξ is primitive. We denote the moduli space
of (Gieseker) stable sheaves E of v(E) = v byMH(v) and its Gieseker compactification byMH(v). In [Mu3],
Mukai proved that MH(v) is smooth of dimension 〈v2〉 + 2. Moreover, he constructed a natural symplectic
structure on MH(v). If H is a general element of the ample cone Amp(X) (i.e. there are hyperplanes
called walls in NS(X) and H does not lie on these walls [Y2]) and v is primitive, then MH(v) = MH(v),
in particular MH(v) is a projective scheme. Hence under this condition, MH(v) is a projective symplectic
manifold. We remark that the number of walls is locally finite. Thus this condition is not strong. If X is
a K3 surface and v is primitive, then MH(v) is extensively studied by many authors. In particular, MH(v)
is an irreducible symplectic manifold and the period of MH(v) is written down in terms of Mukai lattice
([Mu4], [Mu6], [O], [Y5],[Y7]).
In this paper, we shall treat mainly the case whereX is an abelian surface. Let v = r+c1+aω ∈ Hev(X,Z),
c1 ∈ NS(X), be a Mukai vector, where we identify H0(X,Z) with Z.
Definition 0.1. A Mukai vector v is positive (v > 0), if (1) r > 0, or (2) r = 0, c1 is effective and a 6= 0 or
(3) r = c1 = 0 and a < 0.
Let E be a stable sheaf of v(E) = v on X . Then obviously T ∗x (E) ⊗ L 6∼= E for a general (x, L) ∈
X × Pic0(X). Thus dimMH(v) = 〈v2〉 + 2 > 0. Since MH(v) is a symplectic manifold, dimMH(v) is even,
and hence 〈v2〉 ≥ 0. If 〈v2〉 = 0, then Mukai showed that MH(v) is an abelian surface (see [Mu6, (5.13)]).
In [Y3], we studied Hi(MH(v),Z) for i = 1, 2 under the assumption ℓ(v) = 1. We also constructed a
morphism av :MH(v)→ X × X̂ and proved that av is an albanese map for 〈v2〉 ≥ 2, where X̂ is the dual of
X . In this paper, we remove the technical assumptions in [Y3] (Theorem 4.1) and compute the deformation
type of MH(v).
Theorem 0.1. Let X be an abelian surface. Let v be a primitive Mukai vector such that v > 0, c1(v) ∈
NS(X) and 〈v2〉 ≥ 2. Then for an ample divisor H such that MH(v) =MH(v),
(1) av :MH(v)→ X × X̂ is the albanese map.
(2) MH(v) is deformation equivalent to X̂ ×Hilb〈v
2〉/2
X .
Then our next interest is the fiber of the albanese map. If 〈v2〉 = 0, then Mukai showed that av is an
immersion. If 〈v2〉 = 2, then Mukai [Mu2] and the author [Y3, Prop. 4.2] showed that av :MH(v)→ X × X̂
is an isomorphism. Hence we assume that 〈v2〉 ≥ 4. Let KH(v) be a fiber of av. Then dimKH(v) = 〈v2〉−2.
Hence if 〈v2〉 ≥ 6, then dimKH(v) ≥ 4. In this case, we get the following, which is an analogous result to
that for a K3 surface.
Theorem 0.2. Let X be an abelian surface. Let v ∈ Hev(X,Z) be a primitive Mukai vector such that v > 0,
c1(v) ∈ NS(X) and 〈v2〉 ≥ 6.
(1) For a general ample line bundle H, KH(v) is deformation equivalent to a generalized Kummer variety
K〈v2〉/2−1 constructed by Beauville. In particular, KH(v) is an irreducible symplectic manifold.
(2) Let BKH(v) be Beauville’s bilinear form on H
2(KH(v),Z). Then
θv : (v
⊥, 〈 , 〉)→ (H2(KH(v),Z), BKH (v))(0.1)
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is an isometry of Hodge structures, where θv is the composition of Mukai homomorphism v
⊥ →
H2(MH(v),Z) and the restriction map H2(MH(v),Z)→ H2(KH(v),Z).
Our theorem shows that Mukai lattice for an abelian surface is as important as that for a K3 surface.
This is our main motivation of this paper. As an application of this theorem, we shall show that for some v,
MH(v) is not birationally equivalent to Ŷ ×HilbnY for any Y ( Example 4.1).
In section 1, we collect some known facts which will be used in this paper. Also we define chamber
structure of polarizations for moduli spaces of stable sheaves of pure dimension 1. In section 2, we collect
elementary facts on Fourier-Mukai transforms. In K3 surfaces cases, we know that isometries of Mukai
lattices are quite useful to compute the period of moduli spaces [Mu4], [Y5], [Y7]. Hence it is also important
to study isometries in our cases. Fourier-Mukai transforms are good examples of isometries [Mu5]. So we also
consider the relation between Fourier-Mukai functors and the homomorphism θv (Proposition 2.4 and 2.5).
Indeed, if we can find enough examples to prove Theorem 0.2 (1) of birational maps MH(v) · · · → MH′(w)
induced by Fourier-Mukai functor, then (2) follows immediately from these propositions.
Unfortunately, even for original Fourier-Mukai functor FP investigated by Mukai [Mu2], [Mu5] (also see
[A],[F-L]), only a few example of birational maps induced by FP are known. Hence it is very interesting to
construct lots of examples of birational maps. In section 3.1, we shall construct enough examples (Proposition
3.2, 3.5) to prove Theorem 0.1 and 0.2 for the case where ℓ(v) = 1. Let us briefly explain the main idea of
our construction.
Let (X,H) be a polarized abelian surface of NS(X) = ZH . Let X̂ be the dual abelian surface of X and
P the Poincare´ line bundle on X̂ ×X . We assume that v(E) = r+H + aω and χ(E) = r+ a < 0. Then for
any E ∈MH(v), we can show that
(1) F iP(E) := RipX̂∗(p∗XE ⊗ P) = 0 for i 6= 1 and
(2) F1P(E) is a stable sheaf,
where pX : X̂×X → X (resp. pX̂ : X̂×X → X̂) is the projection. We shall explain how to prove (1). Since
E is stable and (c1(E), H) > 0, F2P(E) = 0. Since p∗XE ⊗ P is torsion free, it is sufficient to prove
#{x ∈ X̂|H0(X,E ⊗ Px) 6= 0} <∞.(0.2)
Assume that H0(X,E ⊗ Pxi) 6= 0 for distinct points x1, x2, . . . , xn ∈ X̂. Our main idea is to consider the
evaluation map:
φ : ⊕ni=1P∨xi ⊗H0(X,E ⊗ Pxi)→ E.(0.3)
If n > r, then φ is surjective in codimension 1 and kerφ is stable (see [Y5, Lem. 2.1]). Then we see that
〈v(kerφ)2〉 < −2, if n≫ r. On the other hand, 〈v(F )2〉 ≥ 0 for any stable sheaf F on X̂ . Thus n is bounded
above. Therefore (0.2) holds. Motivated by a recent work of Markman [Mr] and a work of Mukai [Mu5], we
shall also treat the composition of FP and the “taking dual” functor.
In order to treat the case where ℓ(v) > 1, we need to consider Fourier-Mukai transform on elliptic abelian
surfaces. Hence we also consider (relative) Fourier-Mukai transform on elliptic surfaces (Theorem 3.15).
In section 4, we shall resume moduli spaces of stable sheaves on abelian surfaces. Since the canonical
bundle ofMH(v) is trivial,MH(v) has a Bogomolov decomposition. We shall first construct a decomposition
which will become a Bogomolov decomposition for MH(v). In section 4.2, we discuss Fourier-Mukai functor
on abelian surfaces again. In particular, we consider the relation of Fourier-Mukai functor and the albanese
map of moduli spaces. In section 4.3, we prove Theorem 0.1 and 0.2. We shall first treat rank 1 case. In
this case, KH(v) is the generalized Kummer variety Kn−1 constructed by Beauville [B], where n = 〈v2〉/2.
Hence Theorem 0.2 follows from Beauville’s description of H2(Kn−1,Q) and some computations. Higher
rank cases follow from deformation arguments as in [G-H], [O], [Y3] and isomorphisms constructed in section
3.
As another application of Theorem 0.2, we shall construct a non-Ka¨hler compact symplectic manifold
which is an elementary transform of KH(v) (cf. [Hu, 2.5]). In section 4.5, we shall treat the remaining case,
i.e. 〈v2〉 = 4. In this case, we shall prove that KH(v) is isomorphic to a moduli space of stable sheaves on
the Kummer surface associated to X .
Sections 5–8 are appendices. In section 5, we consider family of moduli spaces of stable sheaves induced
by a family of abelian (or K3) surfaces, which is necessary for deformation arguments in section 4.3. Section
6 is devoted to getting more examples of birational maps of moduli spaces. In section 7, we generalize results
in section 3.1 to more general Fourier-Mukai functor ([BBH1], [Br2], [Mu7], [Mu8], [Or]). In particular, we
can treat Fourier-Mukai functor on K3 surfaces. Under similar minimality conditions for c1(E) (cf. [Y5]),
our method in section 3.1 also works for these cases (Theorem 7.6). As an interesting corollary of Theorem
7.6, we shall construct two different K3 surfaces X,Y such that Hilb2X
∼= Hilb2Y (see Example 7.2). By a
modification of the proof of Theorem 0.1, we can also consider deformation types of moduli spaces of sheaves
on K3 surfaces. This is treated in section 8.
2
This paper is an extended version of my papers [Y6].
1. Preliminaries
Notation.
Let M be a complex manifold. For a cohomology class x ∈ H∗(M,Z), [x]i ∈ H2i(X,Z) denotes the 2i-th
component of x. For a projective manifold M , Amp(M) ⊂ H2(M,Q) is the ample cone of M .
Let p : X → Spec(C) be an abelian surface or a K3 surface over C. We denote the projection S ×X → S
by pS . In this paper, we identify a divisor class D with the associated line bundle OX(D) in many cases.
If NS(X) ∼= Z, then for a coherent sheaf E on X , we set
deg(E) :=
(c1(E), c1(H))
(c1(H)2)
∈ Z,(1.1)
where H is the ample generator of NS(X).
1.1. Mukai lattice. We shall recall the Mukai lattice [Mu4].
Definition 1.1. We define a symmetric bilinear form on Hev(X,Z) := ⊕iH2i(X,Z):
〈x, y〉 :=−
∫
X
(x∨y)
=
∫
X
(x1y1 − x0y2 − x2y0)
where x = x0 + x1 + x2, xi ∈ H2i(X,Z) (resp. y = y0 + y1 + y2, yi ∈ H2i(X,Z)) and x∨ = x0 − x1 + x2. We
define weight 2 Hodge structure by
H0,2(Hev(X,C)) = H0,2(X)
H1,1(Hev(X,C)) = H0,0(X)⊕H1,1(X)⊕H2,2(X)
H2,0(Hev(X,C)) = H2,0(X).
(1.2)
We call this lattice Mukai lattice.
For a coherent sheaf E on X ,
v(E) := ch(E)
√
tdX = ch(E)(1 + εω)(1.3)
is the Mukai vector of E, where ω is the fundamental class of X and ε = 0, 1 according as X is of type
abelian or K3. Then Riemann-Roch theorem is written as follows:
χ(E,F ) = −〈v(E), v(F )〉,(1.4)
where E and F are coherent sheaves on X .
For an abelian surface X , Mukai lattice has a decomposition
Hev(X,Z) = H2(X,Z)⊕H0(X,Z)⊕H4(X,Z) = U⊕4,(1.5)
where U is the hypabolic lattice.
1.2. Moduli space of stable sheaves. Let X be an abelian or a K3 surface, and H an ample line bundle
on X . For v ∈ Hev(X,Z), let MH(v) be the moduli space of (Gieseker) stable sheaves E of Mukai vector
v(E) = v and MH(v) the Gieseker compactification of MH(v) obtained by adding semi-stable sheaves. By
Mukai [Mu3], MH(v) is smooth of dimension 〈v2〉+ 2 and has a symplectic structure. We choose an ample
divisor H on X which does not lie on walls with respect to v ([Y2]). Then we have
(♮) for every µ-semi-stable sheaf E of v(E) = v, if F ⊂ E satisfies (c1(F ), H)/ rkF = (c1(E), H)/ rkE,
then c1(F )/ rkF = c1(E)/ rkE,
by the definition of walls. In particular, if v is primitive, then MH(v) = MH(v), and hence MH(v) is
compact.
We set
v⊥ := {x ∈ Hev(X,Z)|〈v, x〉 = 0}.
Let θv : v
⊥ → H2(MH(v),Z) be Mukai homomorphism defined by
θv(x) := −1
ρ
[
pMH (v)∗((ch E)
√
tdXx
∨)
]
1
(1.6)
where E is a quasi-universal family of similitude ρ. For a line bundle L onX , let TL : Hev(X,Z)→ Hev(X,Z)
be the homomorphism sending x to x ch(L). Then TL is an isometry of Mukai lattice.
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Lemma 1.1. If rk v > 0 and H is general, then TL defines an isomorphism MH(v)→MH(TL(v)) sending
E ∈MH(v) to E ⊗ L ∈MH(TL(v)). Under this identification,
θTL(v)(TL(x)) = θv(x),(1.7)
for x ∈ v⊥.
Proof. Let E be a stable sheaf of v(E) = v. Assume that E⊗L is not stable. Since the operation E 7→ E⊗L
preserves µ-semi-stability, there is a subsheaf F ⊂ E such that
(c1(F ), H)
rkF
=
(c1(E), H)
rkE
,
χ(F ⊗ L)
rkF
≥ χ(E ⊗ L)
rkE
.
(1.8)
Since H is general, (1.8) implies that c1(F )/ rkF = c1(E)/ rkE. A simple calculation shows that
χ(E ⊗ L)
rkE
− χ(F ⊗ L)
rkF
=
χ(E)
rkE
− χ(F )
rkF
+
(c1(E), L)
rkE
− (c1(F ), L)
rkF
=
χ(E)
rkE
− χ(F )
rkF
.
(1.9)
This means that E is not stable. Hence E⊗L must be a stable sheaf. (1.7) follows from direct computations.
Remark 1.1. If rk v = 0, then twisting by a line bundle L does not preserve the stability in general.
1.3. Beauville’s bilinear form. Let M be an irreducible symplectic manifold of dimension 2n. Beauville
[B] constructed a primitive symmetric bilinear form
BM : H
2(M,Z) ×H2(M,Z)→ Z.(1.10)
Up to multiplication by positive constants, qM (x) := BM (x, x) satisfies that
qM (x) =
n
2
∫
M
φn−1φ
n−1
x2 + (1 − n)
∫
M
φnφ
n−1
x
∫
M
φn−1φ
n
x,(1.11)
where φ is a holomorphic 2 form with
∫
M
φnφ
n
= 1. For λ, x ∈ H2(M,C), the following relation holds [B,
Thm. 5]:
v(λ)2qM (x) = qM (λ)
[
(2n− 1)v(λ)
∫
M
λ2n−2x2 − (2n− 2)
(∫
M
λ2n−1x
)2]
,(1.12)
where v(λ) =
∫
M
λ2n.
1.4. Stable sheaves of pure dimension 1. Let X be an arbitrary surface and H an effective divisor of
(H2) > 0 on X . Let E be a purely 1-dimensional sheaf with c1(E) = c1(H) and χ(E) = χ. For an ample
divisor L, χ(E ⊗ L⊗n) = (H,L)n+ χ. Hence E is semi-stable with respect to L, if
χ(F )
(c1(F ), L)
≤ χ(E)
(c1(E), L)
for any proper subsheaf F 6= 0 of E, and E is stable if the inequality is strict. We assume that χ 6= 0. Under
this assumption, we shall generalize the concept of the chamber structure of polarizations.
For a subsheaf F of E, we set ξ := χ(F )c1(E) − χ(E)c1(F ). Since χ(E) 6= 0, we get ξ 6= 0 if c1(F ) 6∈
Q c1(E). For such a ξ 6= 0, we set Wξ := {x ∈ Amp(X)|(x, ξ) = 0}. Then
(ξ2) = χ(F )2(c1(E)
2)− 2χ(E)χ(F )(c1(E), c1(F )) + χ(E)2(c1(F )2).(1.13)
If Wξ is not empty, then the Hodge index theorem implies that (ξ
2) ≤ 0. We claim that the choice of c1(F )
is finite and only depends on the pair (c1(H), χ). Then the choice of χ(F ) is finite, which shows that the
number of non-empty walls Wξ is finite.
Proof of the claim: We fix an ample line bundle L0 on X . Let D be an effective divisor on X such that
det(F ) = OX(D). We note that D satisfies the inequality 0 < (D,L0) ≤ (c1(E), L0). For an integer d with
0 < d ≤ (c1(E), L0), we set
Cd := {D|D is an effective divisor of (D,L0) = d }.(1.14)
It is well known that Cd is bounded. Hence the choice of c1(F ) is finite. Thus our claim holds.
We shall call a connected component of Amp(X) \ ∪ξWξ a chamber.
Lemma 1.2. Assume that (c1(H), χ) is primitive in NS(X)×Z and χ 6= 0. Then the moduli space of stable
sheaves E of (rk(E), c1(E), χ(E)) = (0, c1(H), χ) with respect to L is compact for a general ample divisor L.
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2. Fourier-Mukai functor
2.1. Notation. Let ((X1, H1), (X2, H2),P) be a triple of polarized K3 or abelian surfaces (X1, H1), (X2, H2)
and a coherent sheaf P on X1 ×X2 such that
(i) P is flat over X1 and X2,
(ii)
Hom(P|{x1}×X2 ,P|{x1}×X2) = Cx1 ,
Exti(P|{x1}×X2 ,P|{y1}×X2) = 0, x1 6= y1 for 0 ≤ i ≤ 2.
(2.1)
(iii)
Hom(P|X1×{x2},P|X1×{x2}) = Cx2 ,
Exti(P|X1×{x2},P|X1×{y2}) = 0, x2 6= y2 for 0 ≤ i ≤ 2.
(2.2)
We denote the projections X1 ×X2 → Xi, i = 1, 2 by pXi . Let D(X1) and D(X2) be the bounded derived
category of coherent sheaves on X1 and X2 respectively. Then the functor FP : D(X1)→ D(X2) defined by
FP(x) = RpX2∗(P ⊗ p∗X1(x)), x ∈ D(X1)(2.3)
gives an equivalence of categories. FP is called Fourier-Mukai functor defined by P . We define F̂P : D(X2)→
D(X1) by
F̂P(y) = RHompX1 (P , p∗X2(y)), y ∈ D(X2).(2.4)
Then F̂P [2] is the inverse of FP . For a coherent sheaf E on X1 (resp. a coherent sheaf F on X2), we set
F iP(E) : = Hi(FP(E)) = RipX2∗(P ⊗ p∗X1(E)),
F̂ iP(F ) : = Hi(F̂P(F )) = ExtipX1 (P , p
∗
X2(F )).
(2.5)
Definition 2.1. E (resp. F ) satisfies WITi with respect to FP (resp. F̂P), if F jP(E) = 0 (resp. F̂ jP(F ) = 0)
for j 6= i.
Let FHP : H∗(X1,Q)→ H∗(X2,Q) and F̂HP : H∗(X2,Q)→ H∗(X1,Q) be homomorphisms such that
FHP (x) = pX2∗
(
(chP)p∗X1
√
tdX1p
∗
X2
√
tdX2p
∗
X1(x)
)
, x ∈ H∗(X1,Q),(2.6)
F̂HP (y) = pX1∗
(
(chP)∨p∗X1
√
tdX1p
∗
X2
√
tdX2p
∗
X2(y)
)
, y ∈ H∗(X2,Q).(2.7)
By Grothendieck-Riemann-Roch theorem, the following diagram is commutative.
D(X1)
FP−−−−→ D(X2)
√
tdX1 ch
y y√tdX2 ch
Hev(X1,Q)
FHP−−−−→ Hev(X2,Q)
(2.8)
Lemma 2.1. For x ∈ Hev(X1,Z), y ∈ Hev(X2,Z), we get 〈FHP (x), y〉 = 〈x, F̂HP (y)〉.
Proof.
〈FHP (x), y〉 = −
∫
X2
pX2∗((chP)p∗X1
√
tdX1p
∗
X2
√
tdX2p
∗
X1(x))y
∨
= −
∫
X1×X2
((chP)p∗X1
√
tdX1p
∗
X2
√
tdX2p
∗
X1(x)p
∗
X2 (y)
∨)
= −
∫
X1×X2
p∗X1(x)((chP)∨p∗X1
√
tdX1p
∗
X2
√
tdX2p
∗
X2(y))
∨
= −
∫
X1
x{pX1∗((chP)∨p∗X1
√
tdX1p
∗
X2
√
tdX2p
∗
X2(y))}∨
= 〈x, F̂HP (y)〉.
(2.9)
Lemma 2.2. For x ∈ Hev(X1,Z), FHP (x) belongs to Hev(X2,Z). In particular FHP is an isometry of Mukai
lattice.
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Proof. By [Y4, sect. 2], [FHP (x)]1 belongs to H2(X2,Z). By Lemma 2.1, we get
〈FHP (x), 1〉 = 〈x, F̂HP (1)〉 ∈ Z,
〈FHP (x), ω2〉 = 〈x, F̂HP (ω2)〉 ∈ Z.
(2.10)
Hence FHP (x) ∈ Hev(X2,Z).
We are also interested in the composition of FP and the “taking-dual” functor DX2 : D(X2)→ D(X2)op
sending x ∈ D(X2) to RHom(x,OX2 ), where D(X2)op is the opposite category of D(X2). By Grothendieck-
Serre duality, GP := (DX2 ◦ FP)[2] is defined by
GP(x) := RHompX2 (P ⊗ p∗X1(x),OX1×X2), x ∈ D(X1).(2.11)
Let ĜP : D(X2)op → D(X1) be the inverse of GP :
ĜP(y) := RHompX1 (P ⊗ p∗X2(y),OX1×X2), y ∈ D(X2).(2.12)
For a coherent sheaf E on X1 (resp. a coherent sheaf F on X2), we set
GiP(E) : = Hi(GP (E)),
ĜiP(F ) : = Hi(ĜP (F )).
(2.13)
Then there are spectral sequences
Ep,q2 = ĜpP(G−qP (E))⇒
{
E, p+ q = 0
0, otherwise,
(2.14)
Ep,q2 = GpP (Ĝ−qP (F ))⇒
{
F, p+ q = 0
0, otherwise.
(2.15)
In particular {
GpP(Ĝ0P (F )) = 0, p = 1, 2,
GpP(Ĝ2P (F )) = 0, p = 0, 1.
(2.16)
Let GHP : Hev(X1,Z)→ Hev(X2,Z) be the isomorphism of lattices defined by
GHP (x) := pX2∗
(
ch(P)∨p∗X1
√
tdX1p
∗
X2
√
tdX2p
∗
X1(x
∨)
)
, x ∈ Hev(X1,Z).(2.17)
Since GHP is the composition of FHP and the isometry DX2 : Hev(X2,Z) → Hev(X2,Z) sending x to x∨,
Lemma 2.2 implies that GHP is well-defined.
2.2. Relation to Mukai homomorphism. Keep notations in 2.1. Let v ∈ Hev(X1,Z) be a primitive
Mukai vector. For a fixed i, we set w = (−1)iFHP (v). We define an open subscheme of MH1(v) by
U :=
{
E ∈MH1(v)
∣∣∣∣∣WITi holds for E with respect to FPand F iP(E) belongs to MH2(w)
}
.(2.18)
The following lemma which follows from the proof of base change theorem was proved by Mukai [Mu5, Thm.
1.6].
Lemma 2.3. Let {Es}s∈S be a flat family of stable sheaves on X1 such that Es ∈ U . Then {F iP(Es)}s∈S is
also a flat family of stable sheaves on X2.
Then FP induces a morphism f : U → MH2(w). By properties of FP , f is an open immersion. We
assume that codimMH1 (v)(MH1(v)\U) ≥ 2 and U →MH2(w) is birational. We denote the image of U by V .
We set U = X0 and we denote projections U ×X1 ×X2 → Xj and U ×X1 ×X2 → Xj ×Xk by qj and qjk
respectively. We also denote the projection U ×Xj → U by rj and the projection U ×Xj → Xj by sj . Let
E be a quasi-universal family of similitude ρ on U ×X1. By the identification U → V , Riq02∗(q∗12P ⊗ q∗01E)
becomes a quasi-universal family of similitude ρ on V ×X2. The following proposition shows the importance
of Mukai lattice. Indeed, it will play an important role to compute the period of KH(v).
Proposition 2.4. FHP induces an isometry v⊥ → w⊥ and the following diagram is commutative.
v⊥
(−1)iFHP−−−−−−→ w⊥
θv
y yθw
H2(MH1(v),Z) H
2(MH2(w),Z)
(2.19)
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Proof. The first assertion follows from Lemma 2.1. For y ∈ w⊥, we see that
ρθw(y) = (−1)i+1
[
r2∗(ch((−1)iRiq02∗(q∗12(P)⊗ q∗01(E)))s∗2(
√
tdX2y
∨))
]
1
= (−1)i+1
[
r2∗(q02∗(q
∗
12(chP)q∗01(ch E)q∗1(tdX1))s∗2(
√
tdX2y
∨))
]
1
= (−1)i+1
[
q0∗(q
∗
12(chP)q∗01(ch E)q∗1(tdX1)q∗2(
√
tdX2y
∨))
]
1
= (−1)i+1
[
r1∗(q01∗(q
∗
01(ch E)q∗1(
√
tdX1)q
∗
12((chP)p∗X1(
√
tdX1)p
∗
X2(
√
tdX2y
∨))))
]
1
= (−1)i+1
[
r1∗((ch E)s∗1(
√
tdX1)s
∗
1(pX1∗((chP)∨p∗X1(
√
tdX1)p
∗
X2(
√
tdX2y))
∨))
]
1
= (−1)i+1
[
r1∗((ch E)s∗1(
√
tdX1)s
∗
1(F̂HP (y))∨)
]
1
= ρθv((−1)iF̂HP (y)).
(2.20)
Since F̂HP ◦ FHP = 1Hev(X1,Z), we get (2.19).
For GP , we set
U ′ :=
{
E ∈MH(v)
∣∣∣∣∣WITi holds for E with respect to GPand GiP(E) belongs to MH2(w∨)
}
.(2.21)
Then under similar assumptions on U ′, we get the following.
Proposition 2.5. GHP induces an isometry v⊥ → (w∨)⊥ and the following diagram is commutative.
v⊥
(−1)i+1GHP−−−−−−−→ (w∨)⊥
θv
y yθw∨
H2(MH1(v),Z) H
2(MH2(w
∨),Z)
(2.22)
3. Isomorphisms induced by FP
3.1. Original Fourier-Mukai functor. We start with original Fourier-Mukai functor. So we assume that
X is an abelian surface. Let X̂ be the dual of X and P the Poincare´ line bundle on X×X̂. We shall consider
functors FP and GP . In [Mu5, Prop. 1.17], Mukai proved the following.
Lemma 3.1. By the canonical identification Hi(X,Z) = Hi(X̂,Z),
FP(xi) = (−1)i(i+1)/2PD(xi), xi ∈ Hi(X,Z),(3.1)
where PD(xi) is the Poincare´ dual of xi.
We assume that NS(X) = ZH , where H is an ample generator. Then the dual of X also satisfies the
same condition. We set Ĥ := det(−FP(H)). Then Ĥ is the ample generator of NS(X̂). By Lemma 3.1,
FHP (r + dc1(H) + aω) = a− dc1(Ĥ) + rω̂,(3.2)
where ω̂ is the fundamental class of X̂.
3.1.1. The case where 〈v, 1〉 < 0. In this subsection, we treat the case where 〈v, 1〉 < 0. We first treat the
functor GP .
Proposition 3.2. Let E be a µ-stable sheaf of Mukai vector v(E) = r + c1(H) + aω := v. If a > 0, then E
satisfies WIT2 with respect to GP and G2P (E) is a µ-stable sheaf of v(G2P (E)) = a+c1(Ĥ)+rω̂. In particular,
GP induces an isomorphism MH(v)→MĤ(FHP (v)∨), if r, a > 0.
Proof. (1) E satisfies WIT2: Clearly E⊠OX̂ is flat over X̂ . Hence we can use base change theorem to show
G0P(E) = G1P(E) = 0. We first prove the following two claims:
(i) Hom(E ⊗ Px,OX) = 0 for all x ∈ X̂.
(ii) Ext1(E ⊗ Px,OX) = 0 except for finitely many points x ∈ X̂ .
By the stability of E, we get claim (i). Suppose that Ext1(E,P∨x ) = Ext1(E ⊗ Px,OX) 6= 0 for distinct
points x = x1, x2, . . . , xn. By [Y5, Lem. 2.1], we get a µ-stable extension sheaf G:
0→ ⊕ni=1P∨xi → G→ E → 0.(3.3)
Since v(G) = v(E) + n, we see that 〈v(G)2〉 = 〈v(E)2〉 − 2na. Since dimMH(v(G)) ≥ 2, v(G) satisfies
〈v(G)2〉 ≥ 0. Hence n must satisfy the inequality n ≤ 〈v(E)2〉/2a. In particular claim (ii) holds.
7
Applying base change theorem, we see that G0P(E) = 0 and G1P (E) is of dimension 0. This means that
G1P(E) satisfies IT2. In order to prove G1P (E) = 0, it is sufficient to prove Ĝ2P (G1P(E)) = 0. Since G0P (E) = 0,
Ĝ0P(G0P (E)) = 0. By using the spectral sequence (2.14), we conclude that Ĝ2P (G1P(E)) = 0.
(2) G2P (E) is torsion free1: Indeed, let T be the torsion submodule of G2P (E). Since G2P(E) is locally free in
codimension 1, T is of dimension 0. Hence T satisfies IT2 and Ĝ2P(T ) is a locally free sheaf of deg(Ĝ2P(T )) = 0.
Since Ĝ2P(T ) is a quotient of E, Ĝ2P(T ) must be 0. Hence T = G2P (Ĝ2P(T )) = 0. Thus G2P(E) is torsion free.
(3) G2P (E) is µ-stable: If G2P(E) is not µ-stable, then there is an exact sequence
0→ A→ G2P(E)→ B → 0,(3.4)
where B(6= 0) is a µ-stable sheaf of deg(B) ≤ 0. Then we get
Ĝ0P (B) = 0,
Ĝ1P (B) = Ĝ0P (A),
(3.5)
and an exact sequence
0→ Ĝ1P(A)→ Ĝ2P(B)→ E → Ĝ2P(A)→ 0.(3.6)
If B 6= P∨x for any x ∈ X , then by using base change theorem again, we get Ĝ2P(B) = 0. This implies that B
satisfies WIT1. By (2.16), G1P(Ĝ1P (B)) = G1P(Ĝ0P (A)) = 0. Hence B = 0, which is a contradiction. If B = P∨x
for some x ∈ X , then Ĝ1P(B) = 0 and Ĝ2P (B) ∼= Cx. Hence Ĝ0P (A) = 0 and Ĝ1P(A) = Ĝ2P(B) = Cx. So we get
G2P(Ĝ1P (A)) 6= 0, which contradicts (2.15). Therefore G2P(E) is µ-stable.
If r > 0, then GHP (v) satisfies the same condition as v. Taking into account of Lemma 2.3, we get an
isomorphism MH(v)→MĤ(GHP (v)).
Remark 3.1. If r = 0 and a > 0, then GP induces an open immersion MH(v) → MĤ(GHP (v)). In [Y3],
we proved that MĤ(GHP (v)) is irreducible (which will also follow from the proof of Theorem 0.2). Hence
MH(v)→MĤ(GHP (v)) is an isomorphism in this case too.
By the proof of this proposition, E satisfies IT2 for GP if a > 〈v2〉/2. By Serre duality, E satisfies IT0 for
FP . Since F0P(E) ∼= G2P (E)∨, F0P(E) is also µ-stable. Thus we get the following.
Corollary 3.3. Let E be a µ-stable sheaf of Mukai vector v(E) = r+c1(H)+aω. We assume that a > 〈v2〉/2.
Then E satisfies IT0 with respect to FP and F0P(E) is a µ-stable vector bundle of v(F0P (E)) = a−c1(Ĥ)+rω̂.
Since F̂P = ĜP ◦ DX̂ , we also obtain the following.
Corollary 3.4. Let E be a µ-stable vector bundle of Mukai vector v(E) = r−c1(Ĥ)+aω̂ on X̂. We assume
that a > 0. Then E satisfies WIT2 with respect to F̂P and F̂2P(E) is µ-stable.
Remark 3.2. We set v := r − c1(Ĥ) + aω̂. Then,
codimM
Ĥ
(v){E ∈MĤ(v)|E is not locally free} = r − 1.
Indeed, let F be a locally free sheaf of rank r on X and QuotnF/X the quot-scheme parametrizing quotients
F → A such that the Hilbert polynomial of A is constant n. By [Y1, Thm. 0.4], we see that dimQuotnF/X =
(r + 1)n. For E ∈ MĤ(v), E∨∨ is also µ-stable. We set Qn := ∪F∈MĤ (v+nω)Quot
n
F/X . Then Q
n has a
scheme structure and dimQn = dimMĤ(v + nω) + (r + 1)n. Since we have a natural injective morphism
⊔n>0Qn →MĤ(v) whose image consists of non-locally free sheaves, we get our claim.
3.1.2. The case where 〈v, 1〉 > 0. As in the previous subsection, we assume that NS(X) = ZH .
Proposition 3.5. Let E be a µ-stable sheaf of Mukai vector v(E) = r+ c1(H)+aω. We assume that a < 0.
Then E satisfies WIT1 with respect to FP and F1P(E) is a µ-stable sheaf of v(F1P(E)) = −a+ c1(Ĥ)− rω̂.
In particular, Fourier-Mukai functor induces an isomorphism MH(v)→MĤ(−FHP (v)).
Proof. (1) E satisfies WIT1: We first show that H
0(X,E ⊗ Px) = 0 except for finitely many points x ∈ X̂ .
Suppose that ki := h
0(X,E ⊗ Pxi) 6= 0 for distinct points x1, x2, . . . , xn. We shall consider the evaluation
map
φ : ⊕ni=1P∨xi ⊗H0(X,E ⊗ Pxi)→ E.(3.7)
1 This claim also follows from the proof of base change theorem.
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We assume that
∑
i ki > r, that is, rk(⊕ni=1P∨xi ⊗ H0(X,E ⊗ Pxi)) > rk(E). By the proof of [Y5, Lem.
2.1], φ is surjective in codimension 1 and kerφ is µ-stable. We set b := dim(cokerφ). Then v(kerφ) =∑n
i=1 ki − (v(E) − bω). Since
∑
i ki > r, we get
〈v(kerφ)2〉 = 〈v(E)2〉+ 2a
∑
i
ki − 2b
∑
i
ki + 2br
≤ 〈v(E)2〉+ 2a
∑
i
ki.
(3.8)
Since 〈v(kerφ)2〉 ≥ 0, we get∑i ki ≤ 〈v(E)2〉/(−2a). Therefore H0(X,E⊗Px) = 0 except for finitely many
points x ∈ X̂ . Base change theorem implies that F0P(E) is a torsion sheaf of dimension 0. Since E is a
torsion free sheaf on the integral scheme Supp(E), F0P(E) is torsion free. Hence we get F0P(E) = 0. By the
stability of E and Serre duality, H2(X,E ⊗ Px) = 0 for all x ∈ X̂. Hence F2P(E) = 0. Therefore E satisfies
WIT1.
(2) F1P(E) is torsion free: Let T be the torsion subsheaf of F1P(E). By base change theorem, F1P(E) is
locally free on the open subscheme U := {x ∈ X̂ |H0(X,E ⊗ Px) 6= 0}. Hence the proof of (1) implies that
T is of dimension 0. Since Eˆ satisfies WIT1 and T satisfies IT0, T must be 0.
(3) F1P(E) is µ-stable: Assume that F1P(E) is not µ-stable. Let 0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fs = F1P(E) be
the Harder-Narasimhan filtration of F1P(E). We shall choose the integer k which satisfies deg(Fi/Fi−1) > 0
for i ≤ k and deg(Fi/Fi−1) ≤ 0 for i > k. We shall prove that F̂2P(Fk) = 0 and F̂0P(F1P(E)/Fk) = 0. Since
deg(Fi/Fi−1) > 0, i ≤ k, semi-stability of Fi/Fi−1 implies that F̂2P(Fi/Fi−1) = 0, i ≤ k. Hence F̂2P(Fk) = 0.
On the other hand, we also see that F̂0P(Fi/Fi−1), i > k, is of dimension 0. Since Fi/Fi−1 is torsion free,
F̂0P(Fi/Fi−1) = 0, i > k. Hence we conclude that F̂0P(F1P(E)/Fk) = 0.
So Fk and F1P(E)/Fk satisfy WIT1 and we get an exact sequence
0→ F̂1P(Fk)→ E → F̂1P(F1P(E)/Fk)→ 0.(3.9)
Since deg(F̂1P(Fk)) = deg(Fk) > 0, µ-stability of E implies that deg(F̂1P(Fk)) = 1 and rk(F̂1P(Fk)) = rk(E).
Thus F̂1P(F1P(E)/Fk) is of dimension 0. Then F̂1P(F1P(E)/Fk) satisfies IT0, which is a contradiction.
3.2. Fourier-Mukai functor on elliptic surfaces. Let π : X → C be an elliptic surface with a 0-section
σ such that every fiber is integral. Let f be a fiber of π. We identify a compactification of the relative
Jacobian with π : X → C and let P be a Poincare´ “line bundle” on X ×C X , We regard P as a coherent
sheaf on X ×X . Let pi : X ×X → X , i = 1, 2 be two projections. Then P is pi-flat and parametrizes “line
bundles” on fibers of π. We consider Fourier-Mukai functor FP : D(X)→ D(X) (see [Br1, 5]) defined by
FP(x) := Rp2∗(P ⊗ p∗1(x)), x ∈ D(X).(3.10)
We define F̂P : D(X)→ D(X) by
F̂P(x) := RHomp1(P , p∗2(x⊗KX)), x ∈ D(X).(3.11)
Then F̂P [2] is the inverse of FP ([Br1]).
Chern classes: Let τ be a section of π. It is known that OX(σ − τ) satisfies WIT1 and F1P(OX(σ − τ)) is
a line bundle on τ . Replacing P by P ⊗ p∗2N , N ∈ Pic(C), we may assume that χ(F1P(OX)) = 1. Then we
see that
χ(F1P(OX(σ − τ))) = χ(F1P(OX))− (τ − σ, σ) = 1− (τ − σ, σ).(3.12)
Indeed, let η be the generic point of C. Then we have that FP(Oσ(σ))|π−1(η) = O|π−1(η) and FP(Oτ (σ))|π−1(η) =
O|π−1(η)(τ − σ). Hence χ(FP(Oσ(σ))) − χ(FP(Oτ (σ))) = ((τ − σ)2)/2. Since χ(FP(OX(σ − τ)) =
χ(FP(Oσ(σ))) − χ(FP(Oτ (σ))) − χ(FP(OX)), we get (3.12).
We set
d(τ) := (τ − σ, σ).(3.13)
For a coherent sheaf E of (rk(E), c1(E),− ch2(E)) = (r, σ − τ + (l + d(τ))f, n),
(rk(FP(E)), c1(FP(E)), χ(FP(E))) = −(0, τ − σ + rσ + (n− d(τ))f, r + l).(3.14)
Proof. For IZ(σ − τ + (l+ d(τ))f), Z = {x1, . . . , xn−d(τ)}, IZ(σ − τ + (l+ d(τ))f) satisfies WIT1 and there
is an exact sequence
0→ ⊕n−d(τ)i=1 Pxi → F1P(IZ(σ − τ + (l + d(τ))f))→ F1P(OX(σ − τ + (l + d(τ))f))→ 0.(3.15)
Since F1P(OX(σ − τ + (l + d(τ)))f)) ∼= F1P(OX(σ − τ))((l + d(τ))f), we get our claim for r = 1 case. For
general cases, we use E = IZ(σ − τ + (l + d(τ))f) ⊕O⊕(r−1)X .
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The following is an easy consequence of the proof of base change theorem.
Lemma 3.6. Let L be a coherent sheaf of pure dimension 1 on X with c1(L) = τ − σ + rσ + (n − d(τ))f .
Then L satisfies WIT1 and F̂1P(L) is torsion free, if the following two conditions are satisfied:
(1) Hom(Px, L) = 0, x ∈ X except finite subset S of X.
(2) Ext2(Px, L) ∼= Hom(L,Px)∨ = 0 for all x ∈ X.
Proof. We choose a locally free resolution
0→ V2 → V1 → V0 → P → 0(3.16)
of P such that ExtjpX1 (Vi, p∗2L) = 0, j ≥ 1. Then RHompX1 (P , p∗2L) is quasi-isomorphic to the complex
0→ HompX1 (V0, p∗2L)
φ1→ HompX1 (V1, p∗2L)
φ2→ Homp1(V2, p∗2L)→ 0.(3.17)
By our assumption, there is a finite subset S of X such that (φ1)x is injective for x ∈ X \ S and (φ2)x is
surjective for all x ∈ X . Hence we get
(1) Homp1(P , p∗2L) = kerφ1 = 0,
(2) Ext2p1(P , p∗2L) = cokerφ2 = 0,
(3) kerφ2 is a vector bundle and
(4) there is an exact sequence
0→ Homp1(V0, p∗2L)
φ1→ kerφ2 → Ext1p1(P , p∗2L)→ 0.(3.18)
Hence Ext1p1(P , p∗2L) is a vector bundle on X \ S. By (4), Ext1p1(P , p∗2L) is torsion free.
Lemma 3.7. For a purely 1-dimension sheaf L with c1(L) = τ − σ+ rσ+ (n− d(τ))f , Homp1(P , p∗2L) = 0.
Proof. By the proof of Lemma 3.6, it is sufficient to prove that Hom(Px, L) = 0 for some point x ∈ X .
We choose a point x ∈ X which is not contained in Supp(L). Since L is of pure dimension 1, we get
Hom(Px, L) = 0.
Proposition 3.8. Let L be a coherent sheaf of pure dimension 1 on X with c1(L) = τ −σ+rσ+(n−d(τ))f
and χ(L) > 0. If L is semi-stable with respect to σ + kf , k ≫ 0, then L satisfies the above two conditions.
Proof. By taking account of a Jordan-Ho¨lder filtration, we may assume that L is stable. We note that
µ(L) :=
χ(L)
(c1(L), σ + kf)
=
χ(L)
(k + (σ2))r + n
.(3.19)
Since µ(Px) = 0, x ∈ X , obviously (2) holds. So we shall prove (1). LetD = Dvir+Dhol be the decomposition
of the scheme-theoretic support of L, where Dvir consists of all fiber components and Dhol consists of the
other components. Then we have an exact sequence
0→ F → L→ (L|Dhol)/T → 0,(3.20)
where T is the 0-dimensional submodule of L|Dhol . Then F is a purely 1-dimensional subsheaf of L with
c1(F ) = lf . By the stability of L, we get
µ(F ) =
χ(F )
l
≤ χ(L)
(k + (σ2))r + n
.(3.21)
Since k is sufficiently large (the condition k > max{((c1(L), σ + k0f)χ(L) − n)/r − (σ2), k0} is sufficient,
where k0 satisfies that σ + k0f is ample), we get χ(F ) ≤ 0. Since Hom(Px, L|Dhol/T ) = 0 for all x ∈ X , we
shall prove that Hom(Px, F ) = 0 except finite numbers of points.
Proof of the claim: Let
0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fs = F(3.22)
be the Harder-Narasimhan filtration of F with respect to σ + kf . Then
µ(F1) > µ(F2/F1) > · · · > µ(Fs/Fs−1).(3.23)
Since F1 is a subsheaf of L, we also have the inequality χ(F1) ≤ 0. If Hom(Px, F1) 6= 0, then µ(F1) = 0 and
F1 is S-equivalent to Px ⊕E for some E. Hence the choice of x is finite. Clearly Hom(Px, Fi/Fi−1) = 0 for
i ≥ 2. Hence the claim holds.
Remark 3.3. Stability is not preserved by the operation L 7→ L ⊗ N , N ∈ Pic(X). Hence the condition
χ(L) > 0 is important.
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Lemma 3.9. Let E be a torsion free sheaf of rk(E) = r > 0 and c1(E) = σ− τ +(l+ d(τ))f on X. Assume
that E is semi-stable with respect to σ+kf , k ≫ 0. Then E satisfies WIT1 and F1P(E) is of pure dimension
1.
Proof. We shall first prove that P ⊗ p∗1(E) is p2-flat. Let
0→W1 →W0 → P → 0(3.24)
be a locally free resolution of P on X ×X . It is sufficient to prove that
ψx : (W1)|x×X ⊗ E → (W0)|x×X ⊗ E(3.25)
is injective for all x ∈ X . We note that rkW1 = rkW0 and Px⊗E is a torsion sheaf on X . Since E is torsion
free, ψx is injective for all x ∈ X . Thus P ⊗ p∗1(E) is a p2-flat sheaf.
Hence we can use base change theorem. Since p2 : X ×C X → X is relative dimension 1, R2p2∗(P ⊗
p∗1(E)) = 0. Since E|π−1(y) is semi-stable for general y ∈ C, H0(X,Px ⊗ E) = 0 for a general point x of X .
Thus p2∗(P ⊗ p∗1(E)) is a torsion sheaf. By the proof of base change theorem, locally there is a complex of
locally free sheaves V1
φ→ V0 which is quasi-isomorphic toRp2∗(P⊗p∗1(E)). Hence p2∗(P⊗p∗1(E)) = kerφ = 0,
which means that E satisfies WIT1. Also we get proj−dim(cokerφ) = 1. Hence R1p2∗(P⊗p∗1(E)) is of pure
dimension 1.
Corollary 3.10. Let E be a torsion free sheaf on X and assume that E|π−1(y) is a semi-stable vector bundle
of degree 0 for a general y ∈ C. Then E satisfies WIT1 and F1P(E) is of pure dimension 1.
Proof. We consider the Harder-Narasimhan filtration of E with respect to σ + kf , k ≫ 0. Applying FP to
this filtration, we get our corollary by Lemma 3.9.
Lemma 3.11. Keep the notation as above and assume that E is semi-stable with respect to σ + kf , k ≫ 0.
If r + l > 0, then F1P(E) is semi-stable.
Proof. Assume that F1P(E) is not semi-stable. Then, there is a stable subsheaf F of F1P(E) such that
µ(F ) > µ(F1P(E)) = (r + l)/((k + (σ2))r + n) > 0 and G := F1P(E)/F is of pure dimension 1. Applying F̂P
to the exact sequence
0→ F → F1P(E)→ G→ 0,(3.26)
we get an exact sequence
0 −−−−→ F̂0P(F ) −−−−→ 0 −−−−→ F̂0P(G)
−−−−→ F̂1P(F ) −−−−→ E −−−−→ F̂1P(G)
−−−−→ F̂2P(F ) −−−−→ 0 −−−−→ F̂2P(G) −−−−→ 0.
(3.27)
By Lemma 3.7, F̂0P(G) = 0. Since µ(F ) > 0, we also get F̂2P(F ) = 0. Thus F and G satisfies WIT1
and F̂1P(F ) is a subsheaf of E. We set c1(F ) = τ ′ − σ + r′σ + (n′ − d(τ ′))f and χ(F ) = r′ + l′. Then
(rk(F̂1P(F )), c1(F̂1P(F )),− ch2(F̂1P(F ))) = (r′, σ − τ ′ + (l′ + d(τ ′))f, n′). Since E is semi-stable with respect
to σ + kf , k ≫ 0,
(⋆) (i) l′/r′ < l/r, or
(ii) l′/r′ = l/r and −n′/r′ ≤ −n/r.
On the other hand,
µ(F1P (E))− µ(F ) =
r + l
(k + (σ2))r + n
− r
′ + l′
(k + (σ2))r′ + n′
=
(lr′ − l′r)(k + (σ2)) + (r + l)n′ − (r′ + l′)n
((k + (σ2))r + n)((k + (σ2))r′ + n′)
.
(3.28)
We note that the choice of r′ is finite. In Lemma 3.12, we shall show that the choice of n′ is also finite. Since
n ≥ 0 (see Lemma 3.13), there is an integer N(r, τ, l, n) such that for k > N(r, τ, l, n),
(i) lr′ − l′r > 0 implies (lr′ − l′r)(k + (σ2)) + (r + l)n′ − (r′ + l′)n > 0 and
(ii) lr′ − l′r < 0 implies (lr′ − l′r)(k + (σ2)) + (r + l)n′ − (r′ + l′)n < 0.
Then (⋆) implies that µ(F1P(E)) − µ(F ) ≥ 0, which is a contradiction. Therefore F1P(E) is a semi-stable
sheaf.
Lemma 3.12. Keep the notations as above. Then the choice of n′ is finite and the number of such n′ is
bounded in terms of (r, τ, l, n).
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Proof. We fix an ample divisor σ + k0f . Since F is a subsheaf of F1P(E),
0 ≤ (c1(F ), σ + k0f) ≤ (c1(F1P(E)), σ + k0f).(3.29)
Since (c1(F ), σ + k0f) = (k0 + (σ
2))r′ + n′ and r′ ≤ r, we get our claim.
Lemma 3.13. Keep the notations as above. Then n ≥ 0.
Proof. By Bogomolov’s inequality,
0 ≤ c2(E) − (r − 1)
2r
(c1(E)
2) = n+
((σ − τ)2)
2r
.(3.30)
Since (σ2) ≤ 0, d(τ) = (τ, σ)− (σ2) ≥ 0. Therefore n ≥ −((σ − τ)2)/2r = d(τ)/r ≥ 0.
Lemma 3.14. Let L be a purely 1-dimensional sheaf of c1(L) = τ − σ + rσ + (n − d(τ))f and χ(L) > 0.
Assume that L is semi-stable with respect to σ + kf , k ≫ 0. Then F̂1P(L) is a semi-stable sheaf with respect
to σ + kf , k ≫ 0.
Proof. We note that Lemma 3.6 and Proposition 3.8 imply that L satisfies WIT1 and F̂1P(L) is torsion free.
Assume that F̂1P(L) is not semi-stable with respect to σ+ kf , k ≫ 0. Then there is a destabilizing subsheaf
F of F̂1P(L) such that G := F̂1P(L)/F is torsion free. It is easy to see that F̂1P(L)|π−1(y) is semi-stable for
general y ∈ C. Since k is sufficiently large, F|π−1(y) and G|π−1(y) are semi-stable vector bundles of degree 0
for general y ∈ C. Then Corollary 3.10 implies that F and G satisfies WIT1 and we get an exact sequence
0→ F1P(F )→ L→ F1P(G)→ 0.(3.31)
In the same way as in Lemma 3.11, we get a contradiction. Thus F̂1P(L) is semi-stable.
Therefore, we get the following theorem.
Theorem 3.15. Let M(r, c1, χ)ss be the moduli stack of semi-stable sheaves E of (rk(E), c1(E), χ(E)) =
(r, c1, χ) with respect to σ + kf , k ≫ 0. Then FP gives an isomorphism of moduli stack
M(r, σ − τ + (l + d(τ))f, rχ(OX )− n)ss →M(0, τ − σ + rσ + (n− d(τ))f, r + l)ss(3.32)
if r + l > 0.
Remark 3.4. If gcd(r, l, n) = 1, then M(r, σ − τ + (l + d(τ))f, rχ(OX )− n)ss consists of stable sheaves.
Remark 3.5. The map D′ : L 7→ Ext1OX (L,KX) gives an isomorphismM(0, τ−σ+rσ+(n−d(τ))f, r+l)ss →M(0, τ − σ + rσ + (n− d(τ))f,−(r + l))ss. If r + l < 0, then GP induces an isomorphism
M(r, σ − τ + (−(l + 2r) + d(τ))f, rχ(OX )− n)ss →M(0, τ − σ + rσ + (n− d(τ))f, r + l)ss(3.33)
Remark 3.6. Independently, Jardim and Maciocia [J-M] treated the case where r + l = 0. Herna´ndez
Ruipe´rez and Mun˜oz Porras [H-M] studied stable sheaves on elliptic fibrations and got similar results.
4. Moduli spaces of stable sheaves on abelian surfaces
4.1. Bogomolov decomposition. In this section, we assume that X is an abelian surface. Let X̂ be
the dual abelian surface of X and P the Poincare´ line bundle on X̂ × X . Let v be a Mukai vector with
c1(v) ∈ NS(X) and v > 0. Fix an element E0 ∈MH(v) and let α :MH(v)→ X be the morphism such that
α(E) := det pX̂!((E − E0)⊗ (P −OX̂×X)) ∈ Pic0(X̂) = X,(4.1)
and det : MH(v) → X̂ the morphism sending E to detE ⊗ detE∨0 ∈ X̂. We set av := α × det. Under the
assumption ℓ(v) = 1, the following was proved in [Y3, Thm. 3.1, 3.6].
Theorem 4.1. Let v ∈ Hev(X,Z) be a primitive Mukai vector such that v > 0 and c1(v) ∈ NS(X). We
assume that dimMH(v) = 〈v2〉 + 2 ≥ 6. Then for an ample line bundle H such that MH(v) = MH(v), the
following holds.
(1) θv is injective.
(2) av is the albanese map.
(3)
H2(MH(v),Z) = θv(v
⊥)⊕ a∗vH2(X × X̂,Z).(4.2)
The proof will be done in section 4.3.
Definition 4.1. We set KH(v) := a
−1
v ((0, 0)).
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We shall construct an e´tale covering such that av becomes trivial. By Theorem 0.2, it will become a
Bogomolov decomposition of MH(v).
Let FP : D(X)→ D(X̂) be the Fourier-Mukai functor defined by P . Then
α(E) = detFP(E)⊗ (detFP(E0))∨.(4.3)
For a line bundle L on X , we set L˜ := det(FP(L)). Then the following relations hold.
Lemma 4.2.
φL˜ ◦ φL = −χ(L)1X ,
φL ◦ φL˜ = −χ(L)1X̂ .
(4.4)
Proof. For (x, xˆ) ∈ X × X̂, the following diagram is commutative ([Mu2, (3.1)]).
D(X)
T∗−x−−−−→ D(X) ⊗Pxˆ−−−−→ D(X)
FP
y FPy FPy
D(X̂)
⊗Px−−−−→ D(X̂) T
∗
xˆ−−−−→ D(X̂)
(4.5)
Hence we see that FP(L)⊗Px = FP(T ∗−xL) = FP(L⊗PφL(−x)) = T ∗φL(−x)(FP(L)). Since rk(FP(E)) = χ(E),
by taking determinant of FP(L) ⊗ Px, we get that L˜ ⊗ Pχ(L)x = T ∗φL(−x)(L˜) = L˜ ⊗ PφL˜◦φL(−x). Therefore
the first equality holds. Applying (4.5) again, we get that F̂P(L˜) ⊗ Pxˆ = T ∗−φL˜(xˆ)F̂P(L˜). Hence we obtain
that χ(L˜) = −φdet F̂P(L˜) ◦φL˜. Since c1(F̂P(L˜)) = c1(L) and χ(L˜) = (c1(L˜)2)/2 = (c1(L)2)/2 = χ(L), we get
the second equality.
We define a morphism Φ : KH(v)×X × X̂ →MH(v) by Φ(E, x, y) := T ∗x (E)⊗ Py.
Lemma 4.3. Let v = r + c1 + aω, c1 ∈ NS(X) be a Mukai vector and L a line bundle on X such that
c1(L) = c1. Then,
α(T ∗x (E)⊗ Py) = −ax+ φL˜(y)
det(T ∗x (E)⊗ Py) = φL(x) + ry,
(4.6)
for a coherent sheaf E of v(E) = v.
Proof. We shall only prove the first equality. Applying (4.5), we see that FP(T ∗x (E)⊗Py) = T ∗y (FP(T ∗x (E))) =
T ∗y (FP(E)⊗ P−x) = T ∗y (FP(E))⊗ P−x. Hence we obtain
det(FP(T ∗x (E)⊗ Py)) = T ∗y (detFP(E))⊗ P−χ(E)x.(4.7)
Since c1(FP(E)) = c1(FP(L)),
α(T ∗x (E)⊗ Py) = φdetFP(E)(y)− χ(E)x = φL˜(y)− χ(E)x.(4.8)
By (1.4), χ(E) = −〈v(OX), v(E)〉 = a, and hence we get the first equality.
Let v = r + c1 + aω, c1 ∈ NS(X) be a Mukai vector and τ : X × X̂ → X × X̂ a homomorphism sending
(x, y) to (rx − φL˜(y),−φL(x)− ay). By Lemma 4.2 and 4.3,
av ◦ Φ ◦ (1KH(v) × τ)(E, x, y) = (nx, ny),(4.9)
where n = 〈v2〉/2. Let ν : X × X̂ → X × X̂ be the n times map and we shall consider the fiber product
MH(v)×X×X̂ X × X̂ −−−−→ MH(v)y yav
X × X̂ ν−−−−→ X × X̂
(4.10)
Then Φ ◦ (1KH(v) × τ) and the projection KH(v)×X × X̂ → X × X̂ defines a morphism
KH(v) ×X × X̂ →MH(v) ×X×X̂ X × X̂.(4.11)
We can easily show that this morphism is injective, and hence it is an isomorphism.
Remark 4.1. If (c21)/2 and r are relatively prime, then [Y3, Prop. 4.1] implies that MH(v)
∼= X̂ × det−1(0).
We shall consider the pull-back of av : MH(v) → X × X̂ by the morphism sending (x, y) to (nx, y). Then
we get MH(v)×X×X̂ X × X̂ ∼= KH(v)×X × X̂.
13
Definition 4.2. For simplicity, we also denote the homomorphism v⊥ → H2(MH(v),Z) → H2(KH(v),Z)
by θv:
θv(x) = −1
ρ
[
pKH(v)∗
(
ch(E|KH(v)×X)x∨
)]
1
.(4.12)
Proposition 4.4. Let v be a Mukai vector of c1(v) ∈ NS(X) and v > 0. Then dim im av ≥ 2 and av is
surjectice if 〈v2〉 > 0.
Proof. The first claim follows from Lemma 4.3 and the second claim follows from (4.9).
4.2. Fourier-Mukai functor on abelian surfaces. In this subsection, we consider the relation of Fourier-
Mukai functor on abelian surfaces to the map av :MH(v)→ X × X̂ (Proposition 4.9). For this purpose, we
recall some results of Mukai [Mu7].
Let E be a semi-homogeneous sheaf on X . We set
K(E) := {x ∈ X |T ∗x (E) ∼= E}.(4.13)
Let L be a line bundle on X . Since FPX (T ∗x (E ⊗ L)) = FPX (E ⊗ L) ⊗ (PX)∨|{x}×X̂ , K(E ⊗ L) is a finite
set for a sufficiently ample line bundle L, where PX is the Poincare´ line bundle on X × X̂. Replacing E by
E ⊗ L, we assume that K(E) is a finite set. Assume that E is simple. Let Y be the moduli space of simple
semi-homogeneous sheaves F such that ch(F ) = ch(E). Then we have a morphism φE : X → Y sending
x ∈ X to T ∗x (E) ∈ Y and we get an isomorphism X/K(E) ∼= Y . By this identification, the translation
TφE(a) : Y → Y, a ∈ X is given by the morphism F 7→ T ∗a (F ), F ∈ Y .
We assume that there is a universal family E on Y ×X . Let H be an ample line bundle on Y .
Lemma 4.5. E|Y×{x} is a stable sheaf on Y with respect to H.
Proof. Let m : X × X → X be the multiplication map. By the universal property of Y , there is a line
bundle L on X such that m∗(E) ∼= (φE × idX)∗E ⊗ p∗1L, where p1 : X × X → X is the first projection.
Hence T ∗x (E)
∼= φ∗E(E|Y×{x})⊗ L. Since T ∗x (E) is simple, [Mu1, Prop. 6.16] implies that T ∗x (E) is stable for
all ample line bundles on X (if dimE = 1, then E is a stable vector bundle on an abelian subvariety of X).
Since φE is finite, φ
∗
EH is also ample. Hence φ
∗
E(E|Y×{x}) is also stable with respect to φ∗EH , which implies
that E|Y×{x} is stable with respect to H .
Then it is not difficult to see that E induces an isomorphism X → MH(w), w := v(E|Y×{x}) and an
equivalence of derived categories (cf. [Mu8, Thm. 2.2]).
Corollary 4.6 (Mukai [Mu7]). E defines Fourier-Mukai transform FE : D(X)→ D(Y ).
Let pX : Y ×X → X (resp. pY : Y ×X → Y ) be the projection. We denote the Poincare´ line bundle on
Y × Ŷ by PY . Let λ : X × X̂ → Y be the morphism sending (x, xˆ) ∈ X × X̂ to T ∗xE ⊗ (PX)xˆ ∈ Y . Then
the translation Tλ(a,b) : Y → Y , (a, b) ∈ X × X̂ is given by the morphism sending F ∈ Y to T ∗aF ⊗ (PX)b.
There is a homomorphism µ : X × X̂ → Ŷ such that
(idY × Tx)∗E ⊗ (PX)xˆ ∼= (Tλ(x,xˆ) × idX)∗E ⊗ (PY )µ(x,xˆ), (x, xˆ) ∈ X × X̂.
So we get a homomorphism λ × µ : X × X̂ → Y × Ŷ . In the same way, we have a homomorphism
λ′ × µ′ : Y × Ŷ → X × X̂ such that
(Ty × idX)∗E ⊗ (PY )yˆ ∼= (idY × Tλ′(y,yˆ))∗E ⊗ (PX)µ′(y,yˆ), (y, yˆ) ∈ Y × Ŷ .
Hence we see that (λ′ × µ′) ◦ (λ × µ) = idX×X̂ and (λ × µ) ◦ (λ′ × µ′) = idY×Ŷ . Indeed, by restricting
(idY × Tx)∗E ⊗ (PX)xˆ to Y × {a}, we get that E|Y×{a+x} = E|Y×{a+λ′◦(λ×µ)(x,xˆ)}. Since MH(w) ∼= X ,
x = λ′ ◦ (λ×µ)(x, xˆ). Since pX∗(End((idY ×Tx)∗E)) ∼= OX , we also get that µ′ ◦ (λ×µ)(x, xˆ) = xˆ. Therefore
we have the relation (λ′ × µ′) ◦ (λ × µ) = idX×X̂ . The other relation also follows from similar arguments.
Therefore λ× µ : X × X̂ → Y × Ŷ is an isomorphism.
Lemma 4.7 (Mukai [Mu7]). For a coherent sheaf G on X,
FE(T ∗xG⊗ (PX)xˆ) = T ∗λ(−x,xˆ)FE(G) ⊗ (PY )µ(−x,xˆ), (x, xˆ) ∈ X × X̂.(4.14)
Proof.
FE(T ∗xG⊗ (PX)xˆ) = RpY ∗(E ⊗ p∗X(T ∗xG⊗ (PX)xˆ))
= RpY ∗(T
∗
(0,−x)E ⊗ p∗X(PX)xˆ ⊗ p∗XG)
= RpY ∗(T
∗
(λ(−x,xˆ),0)E ⊗ (PY )µ(−x,xˆ) ⊗ p∗XG)
= T ∗λ(−x,xˆ)RpY ∗(E ⊗ p∗XG)⊗ (PY )µ(−x,xˆ)
= T ∗λ(−x,xˆ)FE(G)⊗ (PY )µ(−x,xˆ).
(4.15)
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Remark 4.2. Corollary 4.6 and Lemma 4.7 also hold for any abelian variety.
Let K(X) be the Grothendieck K-group of X . We set
K(X)0 := {α ∈ K(X)| ch(α) = 0 in H∗(X,Z) }.(4.16)
For α ∈ K(X), we define a map aα : K(X)0 + α→ X × X̂ by
aα(γ) = (det(FPX (γ − α)), det(γ − α)), γ ∈ K(X)0 + α.(4.17)
We define a homomorphism ϕ : X × X̂ → Y × Ŷ by ϕ(x, xˆ) = aβ(FE(Ix ⊗ (PX)xˆ)), (x, xˆ) ∈ X × X̂, where
β = FE(I0) and Ix is the ideal sheaf of x ∈ X .
Lemma 4.8. ϕ is an isomorphism.
Proof. Since Ix ⊗ (PX)xˆ = T ∗−x(I0)⊗ (PX)xˆ, 0 ∈ X , Lemma 4.7 imlies that FE(Ix ⊗ (PX)xˆ) ∼= T ∗λ(x,xˆ)(J)⊗
(PY )µ(x,xˆ), where J = FE(I0). Since 〈v(J)2〉 = 2, the homomorphism Y × Ŷ → Y × Ŷ sending (y, yˆ) to
a(T ∗y (J)⊗ (PY )yˆ) is an isomorphism (see sect. 4.1), and hence we get our claim.
K(X)0 is generated by (PX)xˆ −OX , xˆ ∈ X̂ and Cx − C0, x ∈ X . Since
Ix ⊗ (PX)xˆ − I0 = (Ix ⊗ (PX)xˆ − (PX)xˆ) + (PX)xˆ − I0
= −Cx + ((PX)xˆ −OX) + (OX − I0)
= C0 − Cx + ((PX)xˆ −OX),
(4.18)
K(X)0 is generated by Ix ⊗ (PX)xˆ − I0, (x, xˆ) ∈ X × X̂ . Hence we get the following commutative diagram:
K(X)0
FE−−−−→ K(Y )0
aα
y yaβ
X × X̂ −−−−→
ϕ
Y × Ŷ
(4.19)
where α = I0 and β = FE(α). Therefore we get our main assertion of this subsection.
Proposition 4.9. Assume that F iE induces an isomorphism of moduli spaces MH(v) → MH′(w), where
w = (−1)iFHE (v). Then we get the following commutative diagram:
MH(v)
FiE−−−−→ MH′(w)
av
y yaw
X × X̂ −−−−→
(−1)iϕ
Y × Ŷ
(4.20)
In particular, av is an albanese map if and only if aw is an albanese map.
4.3. Proof of Theorem 0.1 and 0.2.
4.3.1. Generalized Kummer variety. In this subsection, we shall recall Beauville’s results [B] on generalized
Kummer varieties. Then Theorem 0.2 for r = 1 follows from his results and simple calculations. Let X be
an abelian surface. Let Xn be the n-th product of X and pi : X
n → X the projection to i-th component.
Let π : Xn → X(n) be the quotient map to the n-th symmetric product of X . We set X [n] := HilbnX .
Let γ : X [n] → X(n) be the Hilbert-Chow morphism. Let σ : X(n) → X be the morphism sending
(x1, x2, . . . , xn) ∈ X(n) to
∑n
i=1 xi ∈ X . Then a : X [n] → X(n) → X is the albanese map of X [n]. If n = 2,
then a−1(0) is the Kummer surface associated to X and if n ≥ 3, then Kn−1 := a−1(0) is the generalized
Kummer variety constructed by Beauville [B]. Kn−1 is an irreducible symplectic manifold of dimension
2(n− 1).
We assume that n ≥ 3 and describe Kn−1 up to codimension 2 subscheme. For integers i, j, k, we
set ∆i,j := {(x1, x2, . . . , xn) ∈ Xn|xi = xj}, ∆i,j,k := ∆i,j ∩ ∆j,k. We set Xn∗ := Xn \ ∪i<j<k∆i,j,k,
X
[n]
∗ := X [n] \ ∪i<j<kγ−1(π(∆i,j,k)). We set
N := {(x1, x2, . . . , xn)|x1 + x2 + · · ·+ xn = 0},(4.21)
N∗ := N ∩ Xn∗ , (Kn−1)∗ := Kn−1 ∩ X [n]∗ , δi,j := ∆i,j ∩ N . Since n ≥ 3, δi,j is connected, indeed, it
is isomorphic to Xn−2. Let β : B∆(X
n
∗ ) → Xn∗ be the blow-up of Xn∗ along ∆ := ∪i<j∆i,j and set
Bδ(N∗) = β
−1(N∗). Let E
i,j := β−1(∆i,j) be the exceptional divisor of β and ei,j := β−1(∆i,j ∩ N). Let
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Γi ⊂ B∆(Xn∗ )×X be the graph of the i-th projection B∆(Xn∗ )→ Xn∗ → X . Then there is a family of ideal
sheaves I of colength n which fits in an exact sequence
0→ I → OB∆(Xn∗ )×X → ⊕iOΓi → ⊕i<jOΓi∩Ei,j → 0,(4.22)
and I induces a morphism π′ : B∆(Xn∗ )→ X [n]∗ .
Bδ(N∗) −−−−→ B∆(Xn∗ ) β−−−−→ Xnyπ′′ yπ′ yπ
(Kn−1)∗ −−−−→ X [n]∗ −−−−→
γ
X(n)yσ
X
(4.23)
Since KX ∼= OX , by using Grothendieck-Riemann-Roch theorem for the embedding ∪iΓi →֒ B∆(Xn∗ ) ×X ,
we see that
ch(I) = 1−
∑
i
Γi +
∑
i<j
Ei,jΓi + · · · ,(4.24)
where, by Poincare´ duality, we identifies H∗(B∆(X
n
∗ ),Q) with Borel-Moore homology group H∗(B∆(X
n
∗ ),Q)
(cf. [F]). We set v := 1−nω. ThenMH(v) is naturally identified withX [n]×X̂ and a×1X̂ : X [n]×X̂ → X×X̂
is identified with the map av introduced in section 4.1. Hence KH(v) is identified with Kn−1. We shall
consider the homomorphism θv : v
⊥ → H2(Kn−1,Z). Since v = 1− nω, we get that
v⊥ = H2(X,Z)⊕ Z(1 + nω).(4.25)
For α = x+ k(1 + nω), x ∈ H2(X,Z), simple calculations show that
(π′′)∗θv(α) = −
(∑
i
p∗i (x)|Bδ(N∗) + ke
)
,(4.26)
where e :=
∑
i<j e
i,j .
Lemma 4.10. θv is an isomorphism. In particular, we get identifications
H2(Kn−1,Z) ∼= H2(Bδ(N∗),Z)Sn
∼= H2(X,Z)⊕ Ze.
(4.27)
Proof. By [B, Prop. 8], H2(Kn−1,Q) ∼= H2(X,Q)⊕Q e. Since
ϕ : H2(X,Z)
θv→ H2(Kn−1,Z)→ H2(Bδ(N∗),Z)(4.28)
is injective and imϕ ⊂ β∗(H2(N,Z)), we shall prove that the image of f : H2(X,Z) → H2(N,Z)Sn is a
primitive submodule of H2(N,Z). Let φ : X ×X → N be the morphism such that
φ((x, y)) = (x, y, 0, . . . , 0,−x− y) ∈ N.(4.29)
We shall consider the composition g = φ∗ ◦ f : H2(X,Z)→ H2(X ×X,Z). Let αi ∧αj , i < j be the basis of
H2(X,Z) = ∧2H1(X,Z). Then we see that
g∗(αi ∧ αj) = 2p∗1(αi ∧ αj) + 2p∗2(αi ∧ αj) + (p∗1αi ∧ p∗2αj − p∗1αj ∧ p∗2αi).(4.30)
Hence im g is a primitive subgroup of H2(X ×X,Z). Therefore im f is primitive.
Let ι : H2(X,Z) → H2(X(n),Z) be the homomorphism such that π∗(ι(x)) = ∑i p∗i x ∈ H2(Xn,Z). For
x ∈ H2(X,Z), we get
(π′′)∗θv(x) = −
∑
i
p∗i (x)|Bδ(N∗)
= −(π∗ι(x))|Bδ(N∗)
= −(π′′)∗(γ∗ι(x))|(Kn−1)∗ .
(4.31)
Thus
θv(x) = −γ∗(ι(x))|Kn−1 , x ∈ H2(X,Z).(4.32)
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We shall next prove that θv preserves the bilinear forms. Since 〈α2〉 = (x2)−k2(2n) for α = x+k(1+nω),
it is sufficient to prove
qKn−1(θv(α)) = (x
2)− k2(2n).(4.33)
We shall choose l ∈ H2(X,Z) with (l2) 6= 0. Let Bδ(N∗) be a smooth compactification of Bδ(N∗) such that
there are extensions β : Bδ(N∗)→ N and π′′ : Bδ(N∗)→ Kn−1 of β and π′′ respectively.
(1) We shall first consider the relation between qKn−1(θv(x)), x ∈ H2(X,Z) and qKn−1(θv(l)). We set
ρ := α1 ∧ α2 ∧ α3 ∧ α4, where αi, 1 ≤ i ≤ 4 are basis of H1(X,Z). Let
η : ⊗ni=1p∗iH∗(X,Z)→ ⊗ni=1p∗iHev(X,Z)(4.34)
be the projection. We shall first compute η((σ ◦ π)∗(ρ)). By direct computations, we see that
η((σ ◦ π)∗(ρ)) = η(
∑
i,j,k,m
p∗iα1 ∧ p∗jα2 ∧ p∗kα3 ∧ p∗mα4)
=
∑
i
p∗i (α1 ∧ α2 ∧ α3 ∧ α4) +
∑
i6=j
p∗i (α1 ∧ α2) ∧ p∗j (α3 ∧ α4).
(4.35)
Since η(
∑
i<j(∆
i,j − p∗i ρ− p∗jρ)) =
∑
i6=j p
∗
i (α1 ∧ α2) ∧ p∗j (α3 ∧ α4),
η((σ ◦ π)∗(ρ)) =
∑
i
p∗i ρ+ η(
∑
i<j
(∆i,j − p∗i ρ− p∗jρ)).(4.36)
We set µ :=
∑
i p
∗
i ρ+
∑
i<j(∆
i,j − p∗i ρ− p∗jρ). Then we see that
∫
Kn−1
(θv(l))
2n−4(θv(x))
2 =
1
n!
∫
Bδ(N∗)
(π′′
∗
θv(l))
2n−4(π′′
∗
θv(x))
2
=
1
n!
∫
N
(p∗1l + · · ·+ p∗nl)2n−4(p∗1x+ · · ·+ p∗nx)2
=
1
n!
∫
Xn
(p∗1l + · · ·+ p∗nl)2n−4(p∗1x+ · · ·+ p∗nx)2µ
=
1
n!
{
n(n− 1)
2
∫
Xn−1
(2p∗1l + p
∗
2l + · · ·+ pn−1)2n−4(2p∗1x+ p∗2x+ · · ·+ pn−1)2
−n(n− 2)
∫
Xn−1
(p∗1l + p
∗
2l + · · ·+ p∗n−1l)2n−4(p∗1x+ p∗2x+ · · ·+ p∗n−1x)2
}
=
(2n− 2)!n2
n!2n−1
(
1
2n− 3(l
2)n−2(x2) +
2n− 4
2n− 3(l
2)n−2(l, x)2
)
.
In the same way, we see that∫
Kn−1
(θv(l))
2n−3(θv(x)) =
(2n− 2)!n2
2n−1n!
(l2)n−1(l, x),∫
Kn−1
(θv(l))
2n−2 =
(2n− 2)!n2
2n−1n!
(l2)n.
(4.37)
By (1.12), we obtain that
qKn−1(θv(x)) =
(x2)
(l2)
qKn−1(θv(l)).(4.38)
(2) We shall next consider qKn−1(θv(1+nω)). For simplicity, we set e˜ := −θv(1+nω). Then (π′′)∗(e˜) = e.
Hence we also denote π′′
∗
(e˜) by e. Since Ei,j is the exceptional divisor of β, β∗(E
i,j) = 0 and β∗((E
i,j)|Ei,j ) =
−∆i,j . Since codimXn(∪i<j<k∆i,j,k) = 4, we get
β∗(e) = 0,
β∗(e
2) = −
∑
i<j
∆i,j .(4.39)
Let υ : Xn−1 = ∆1,n → X be the restriction of σ ◦ π to the diagonal ∆1,n. Then,
υ∗(ρ) =
(
2p∗1α1 +
n−1∑
i=2
p∗iα1
)
∧ · · · ∧
(
2p∗1α4 +
n−1∑
i=2
p∗iα4
)
.(4.40)
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We set
µ′ :=24p∗1ρ+
n−1∑
i=2
p∗i ρ+
∑
1<i<j≤n−1
(∆i,j − p∗i ρ− p∗jρ)
+ 4
n−1∑
i=2
(∆1,i − p∗1ρ− p∗i ρ).
(4.41)
In the same way as above, we see that the ⊗n−1i=1 p∗iHev(X,Z)-components of υ∗(ρ) and µ′ are the same.
Hence we see that∫
Kn−1
(θv(l))
2n−4θv(x)e˜ =0,∫
Kn−1
(θv(l))
2n−4e˜2 =
1
n!
∫
Bδ(N∗)
(π′′
∗
θv(l))
2n−4(e2)
=− 1
n!
∫
N
(p∗1l + · · ·+ p∗nl)2n−4(
∑
i<j
∆i,j)
=− n(n− 1)
2n!
∫
Xn−1
(2p∗1l + p
∗
2l+ · · ·+ p∗n−1l)2n−4µ′
=
(2n− 2)!n2
2n−1n!
(−2n)
2n− 3 .
(4.42)
Thus e˜ is orthogonal to H2(X,Z) and
qKn−1(θv(1 + nω)) =
−2n
(l2)
qKn−1(θv(l)).(4.43)
By the identification θv : v
⊥ → H2(Kn−1,Z), 〈 , 〉 is a primitive bilinear form on H2(Kn−1,Z). Then,
by the definition of qKn−1 , (4.38) and (4.43) imply that (4.33) holds.
Proposition 4.11 (Beauville). For a Mukai vector v of rk v = 1 and 〈v2〉 ≥ 6,
θv : (v
⊥, 〈 , 〉)→ (H2(KH(v),Z), BKH (v))(4.44)
is an isometry of Hodge structures.
Proof. We set v = 1+ ξ+ aω, ξ ∈ NS(X) and n := 〈v2〉/2. Then we see that (1−nω) exp(ξ) = v. By (4.33),
θ1−nω is an isometry of Hodge structure. Hence (1.7) implies our claim.
Therefore Theorem 0.2 holds for the rank 1 case. Obviously, Theorem 0.1 also holds.
4.3.2. General cases.
Proposition 4.12. Let X1 and X2 be abelian (or K3) surfaces, and let v1 := r + ξ1 + a1ω ∈ Hev(X1,Z)
and v2 := r + ξ2 + a2ω ∈ Hev(X2,Z) be primitive Mukai vectors such that (1) r > 0, (2) ℓ(v1) = ℓ(v2) = l,
(3) 〈v21〉 = 〈v22〉 = 2s, and (4) a1 ≡ a2 mod l. Then MH1(v1) and MH2(v2) are deformation equivalent,
where Hi, i = 1, 2 are ample divisors on Xi such that MHi(vi) = MHi(vi). Moreover if Xi, i = 1, 2 are
abelian surfaces, then av1 : MH1(v1)→ X1 × X̂1 is deformation equivalent to av2 : MH1(v2)→ X2 × X̂2. In
particular, KH1(v1) is an irreducible symplectic manifold and θv1 is an isometry of Hodge structures if and
only if KH2(v2) and θv2 have the same properties. If ξi are ample and a1 = a2 6= 0, then the same assertions
also hold for r = 0.
Proof. If r > 0 and Hi are general, then the results follow from the arguments of O’Grady [O] (cf. [Y5, Prop.
1.1]). Indeed, let M := {(X,L)} be the moduli space of polarized abelian surfaces of (c1(L)2) = 2n. Then
M′ := {(X,L) ∈ M|ρ(X) ≥ 2} is infinite (countable) union of algebraic subsets (cf. [L-B, Exercise 10.10]).
We can also find a suitable polarization for a product of elliptic curves. However, in order to treat the last
statement, we also need the method of Go¨ttsche and Huybrechts [G-H]. Hence we do not use O’Grady’s
arguments here.
We first assume that r > 0. We note that the stability does not change under the operation E 7→ E(niHi).
Hence by (1.7), we may replace vi by vi ch(H
⊗ni
i ), ni ≫ 0. Thus we may assume that ξ1 and ξ2 are ample.
By using Proposition 5.1 in Appendix, we may assume that Hi, i = 1, 2 are general with respect to vi (i.e.
(♮) in sect. 1.2 holds). By using Proposition 5.1 again, we may assume that ρ(Xi) ≥ 2 and Hi are general.
Replacing vi by vi ch(Ni), Ni ∈ Pic(Xi), we may assume that ξi is a primitive ample class of (ξ2i ) ≥ 4
(we use Lemma 1.1). By the connectedness of the moduli space of polarized K3 (or abelian) surfaces and
Proposition 5.1, we may assume that (1) X1 = X2, (2) X := X1 has an elliptic fibration π : X → C, (3)
Hi, i = 1, 2 are general with respect to vi and (4) ξi/l = σ + nif , where σ is a section of π, f a fiber of π
and l = ℓ(v1)(= ℓ(v2)). Since 〈v21〉 = 〈v22〉 = 2s, we see that v1 exp((a2 − a1)f/l) = v2. Hence if H1 = H2,
then Lemma 1.1 implies our claims. If H1 6= H2, then we take a family of polarized K3 (or abelian) surfaces
(X ,L)→ T such that (Xt0 ,Lt0) = (X, ξ1) and ρ(Xt1) = 1 for t0, t1 ∈ T . Applying Proposition 5.1 again, we
can reduce to the case where H1 = H2. Therefore we get our claim. If r = 0, then Proposition 5.1 implies
our assertions.
Proof of Theorem 0.1 and 0.2. (I) We first consider the case where ℓ(v) = 1. Assume that rk v > 0. Let r
and s be positive integers. We shall find an abelian surface X and a Mukai vector v = r+ξ+aω ∈ Hev(X,Z)
of 〈v2〉 = 2s which satisfy the claims of Theorem 0.1 and 0.2. Let (X,H) be a polarized abelian surface of
NS(X) = ZH and (H2) = 2r + 2s. We set v = r +H + ω. Since 〈v2〉 = (H2)− 2r = 2s, we shall prove the
claims for this v. Let X̂ be the dual abelian surface of X and P the Poincare´ line bundle on X × X̂. By
Proposition 3.2, GP induces an isomorphism MH(v) → MĤ(w), where w = 1 + Ĥ + rω̂. Then we have a
commutative diagram:
MH(v)
GP−−−−→ MH(w)
av
y yaw
X × X̂ X × X̂
(4.45)
where we assume that av(E0) = aw(G1P (E0)) = 0. Hence under GP , we can identify KH(v) with KĤ(w).
Then, Proposition 2.5 implies that the following diagram is commutative.
v⊥
GHP−−−−→ w⊥
θv
y yθw
H2(KH(v),Z) H2(KH(w),Z)
(4.46)
Since KĤ(w) is an irreducible symplectic manifold and θw is an isometry of Hodge structures (Proposition
4.11), Theorem 0.1 and 0.2 hold forMH(v), if rk v > 0. Assume that rk v = 0. We set v = ξ+aω, ξ ∈ NS(X).
By our assumption on v, ξ is effective (or ξ = 0). Since (ξ2) = 〈v2〉 > 0, [L-B, Chap. 4 Prop. 5.2] implies
that ξ is ample. Hence by Proposition 4.12, it is sufficient to prove Theorem 0.1 and 0.2 for MH(H + aω),
where X is an abelian surface of NS(X) = ZH and a 6= 0. By Propositions 3.5 or 3.2, we get an isomorphism
MH(H + aω) ∼=MĤ(|a|+ Ĥ). Since Theorem 0.1 and 0.2 hold if rk v > 0, Theorem 0.1 and 0.2 hold for the
case where rk v = 0.
(II) We next treat general cases, that is, we shall reduce the general cases to ℓ(v) = 1 case. Let X be
an abelian surface and v = l(r + c1) + aω, c1 ∈ NS(X) a primitive Mukai vector such that l = ℓ(v) and
2ls := 〈v2〉 > 0.
(II-1) We first assume that rk v > 0. We take a positive integer k such that n := rk − (c21)/2 > 0. Since
(l, a) = 1, we may assume that b := a − kl and r are relatively prime. Let C be an elliptic curve which
has an endomorphism φ : C → C of kerφ ∼= Z/nZ. We set Y := C × C. Let π : Y → C be the first
projection, f a fiber of π and σ the 0-section of π. Then the graph Γφ ⊂ Y satisfies that (Γφ, σ) = n.
Hence ξn := Γφ − σ − nf satisfies that (ξ2n) = −2n. We set w := l(r + (−ξn + f)) + bω. By Remark 3.4,
Mσ+kf (w) = Mσ+kf (w), k ≫ 0. In particular, it is compact. Since 〈w2〉 = 2ls, by Proposition 4.12, it is
sufficient to prove Theorem 0.1 and 0.2 for Mσ+kf (w), k ≫ 0. By Theorem 3.15, we have an isomorphism
Mσ+kf (lr + l(−ξn + f) + bω) ∼=Mσ+kf (l(ξn + rσ) − bf + l(r + 1)ω), k≫ 0.(4.47)
Since D := l(ξn + rσ) − bf satsifies (D2) = 2ls > 0 and H0(Y,OY (−D)) = 0, Riemann-Roch theorem
implies that D is effective. By [L-B, Prop. 5.2], D is an ample divisor. Since (b, r) = 1, D is a primitive
ample divisor. Since we proved our theorem for the case where ℓ(v) = 1, Theorem 0.1 and 0.2 hold for
Mσ+kf (l(ξn+rσ)−bf + l(r+1)ω), k ≫ 0. Hence by taking account of Proposition 4.9, we see that Theorem
0.1 and 0.2 hold for Mσ+kf (w), k ≫ 0.
(II-2) We next assume that rk v = 0. In this case, we use an isomorphism
Mσ+kf (l + (b − l)f − alω) ∼=Mσ+kf (l(σ + af) + bω), k ≫ 0(4.48)
of moduli spaces on the elliptic surface π : Y = C × C → C. Then we can reduce our problem to the case
where rk v > 0.
Proof of Theorem 4.1. By direct computations, we can also show that Theorem 4.1 holds for r = 1. Then,
by similar method as in the proof of Theorem 0.2, we can prove Theorem 4.1: In order to prove Theorem
4.1 (3), we use Proposition 4.9.
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Remark 4.3. In the case where ℓ(v) = 1, Dekker [D] proved Theorem 0.1 by using Fourier-Mukai functor on
a product of elliptic curves. However, there may be some gaps in his proof. For example, the second line of
the proof of [D, Thm. 4.9] may not be clear and the proof of [D, Thm. 4.11] is not true. Also the arguments
in [D, sect. 5] are not correct. It might be interesting to justify his arguments.
Corollary 4.13. We set (v⊥)alg := v
⊥ ∩ (H0(X,Z)⊕NS(X)⊕H4(X,Z)). Then θv induces an isometry
(v⊥)alg → NS(KH(v)).
The following example is similar to [Mu6, 5.17].
Example 4.1. Let X be an abelian surface with NS(X) = ZH , (H2) = 2. We set v = 2 + H − 2ω. Then
MH(v) is a variety of dimension 12. It is easy to see that v
⊥ is generated by α := 1 + ω and β := H + ω.
Since
〈α2〉 = −2, 〈α, β〉 = −1, 〈β2〉 = 2,(4.49)
NS(KH(v)) is indecomposable. Hence MH(v) is not birationally equivalent to Ŷ ×Hilb5Y for any Y .
Remark 4.4. Combining the dimension counting in [Y7], we can show the following (the second claim is due
to Mukai [Mu5]).
• Assume that v is primitive, v > 0 and 〈v2〉 > 0. Then for a general H ,
(i) MH(v) contains µ-stable vector bundle, unless v = rv(L)− ω, where L is a line bundle on X .
(ii) MH(rv(L) − ω) consists of non-locally free sheaves and is isomorphic to X ×HilbrX̂ .
4.3.3. Application to Fourier-Mukai functor.
Theorem 4.14. Let v be a primitive Mukai vector such that c1(v) ∈ NS(X), v > 0 and 〈v2〉 > 0. Let S(v)
be an irreducible open subscheme of the moduli space of simple sheaves Spl(v). Assume that the albanese
manifold of S(v) is X̂ ×X. Then S(v) is birationally equivalent to MH(v), or a general element E of S(v)
fits in an exact sequence
0→ E1 → E → E2 → 0(4.50)
where v(E1) = l1w1, v(E2) = l2w2 and 〈w21〉 = 〈w22〉 = 0, 〈w1, w2〉 = 1, (l1 − 1)(l2 − 1) = 0.
In particular, if NS(X) ∼= Z, then S(v) is birationally equivalent to MH(v).
Proof. Assume that S(v) does not contain a semi-stable sheaf. Let Q(v) be an open subscheme of a suitable
quot scheme QuotO⊕Nv
X
/X/C such that S(v) is a birational quotient of Q(v) by GL(Nv): There is an open
subscheme Q(v)′ of Q(v) and a GL(Nv)-invariant morphism Q(v)
′ → S(v) such that Q(v)′/GL(Nv) is
birationally equivalent to S(v). For a sequence of Mukai vectors v1, v2, . . . , vs, let F (v1, v2, . . . , vs) be the
set of q ∈ Q(v) such that the Harder-Narasimhan filtration of Eq:
0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fs = Eq(4.51)
satisfies v(Fi/Fi−1) = vi. Since Q(v) does not contain a semi-stable sheaf, there is a sequence of v1, v2, . . . , vs
such that F (v1, v2, . . . , vs) is an open dense subscheme of Q(v). Let ζ : F (v1, v2, . . . , vs) →
∏
iMH(vi) be
a morphism sending q ∈ F (v1, v2, . . . , vs) to ([F1], [F2/F1], . . . , [Fs/Fs−1]) ∈
∏
iMH(vi), where [Fi/Fi−1] is
the S-equivalence class of Fi/Fi−1. By [Y7, sect. 5.2], we see that ζ is dominant. Composing ζ with
∏
i avi ,
we get a morphism F (v1, v2, . . . , vs)→ (X̂ ×X)s. Obviously, this map is GL(Nv)-invariant. Hence we get a
morphism η : S(v)→ (X̂ ×X)s. By Proposition 4.4, dim im(η) ≥ 2s. Since the albanese manifold of S(v) is
X̂ ×X , by the universal property of the albanese map, we get that s ≤ 2. Moreover by the second claim of
Proposition 4.4, we get that 〈v21〉 = 〈v22〉 = 0. Hence a general member E of S(v) fits in an exact sequence
0→ E1 → E → E2 → 0,(4.52)
where v(Ei) = vi. We set vi := liwi, where wi are primitive. Then 〈v2〉 = 2l1l2n, where n = 〈w1, w2〉. Since
E is simple, Hom(E2, E1) = 0. Hence n = 〈w1, w2〉 > 0. We denote the moduli stack of semi-stable sheaves
E of v(E) = vi by MH(vi)ss. Then we get that dimS(v) − 1 = dimMH(v1)ss + dimMH(v2)ss + 〈v1, v2〉.
Since dimMH(vi)ss = li (see [Y7, Lem. 1.8]), we have l1 + l2 + l1l2n = 2l1l2n + 1, which implies that
n = 1 and (l1 − 1)(l2 − 1) = 0. Assume that NS(X) = ZH . We set wi := ri + diH + aiω, i = 1, 2. If
〈wi〉 = d2i (H2) − 2riai = 0, then we get that 〈w1, w2〉 = −(r2d1 − r1d2)2(H2)/2r1r2 < 0. Hence S(v) is
birationally equivalent to MH(v).
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Corollary 4.15. Let X be an abelian surface of NS(X) = ZH. Let v be a primitive Mukai vector such
that c1(v) ∈ NS(X), v > 0 and 〈v2〉 > 0. Let FP : D(X) → D(Y ) (resp. GP : D(X) → D(Y )op) be
a Fourier-Mukai functor associated to a universal family on X × Y . Assume that WITi holds for some
E ∈ MH(v). Then FP (resp. GP) induces a birational map MH(v) · · · → MĤ(w), where w = (−1)iFHP (v)
(resp. w = (−1)iGHP (v)).
Proof. By Theorem 4.1, Alb(MH(v)) ∼= X̂×X ∼= Ŷ ×Y . Hence we can apply Theorem 4.14 to F iP(MH(v)).
Conjecture 4.16. Assume that P is the Poincare´ line bundle on X × X̂. If NS(X) = ZH, then FP or GP
induces a birational map MH(v) · · · →MĤ(w), where w = ±FHP (v) or w = ±GHP (v).
For an evidence, we can show the following theorem.
Theorem 4.17. Assume that NS(X) = ZH and P is the Poincare´ line bundle on X × X̂. Let r+ dH + aω
be a primitive Mukai vector such that r > 0 and d ≥ 0.
(i) If a ≤ 0 and d > 0, then FP induces a birational map MH(r + dH + aω) · · · →MĤ(−a+ dĤ − rω̂).
(ii) If d = 0 or 0 < a ≤ 4, then GP induces a birational map MH(r + dH + aω) · · · →MĤ(a+ dĤ + rω̂).
The proof will be done in section 6.
4.4. Non-Ka¨hler symplectic manifold. For another application of Theorem 0.2, we shall give an example
of non-Ka¨hler compact symplectic manifold, which is a symplectic analogue of Hironaka’s example [Hi]. Let
X be an abelian surface of NS(X) = ZH and assume that v := r + c1 + aω satisfies that ℓ(v) = 1 and
〈v2〉 = 2r. We set
MH(v)s := {E ∈MH(v)| E is not locally free}.(4.53)
We shall describe MH(v)s. We shall first prove that MH(v)s is smooth. Let E be a point of MH(v)s and
x the pinch point of E. Then E ⊗ OX,x ∼= Ix ⊕ O⊕(r−1)X,x , where OX,x is the stalk of OX at x. Since
Ext2(E,E) ∼= C and E∨∨ is simple, by using the local-global spectral sequence, we see that
Ext1(E,E)→ H0(X, Ext1(E,E))(4.54)
is surjective. In the local deformation space of E ⊗OX,x, the locus of non-locally free sheaves is smooth of
codimension r − 1. Hence MH(v)s is smooth of codimension r − 1.
Bu our assumption, 〈(v + ω)2〉 = 0. Hence Y := MH(v + ω) is an abelian surface and consists of semi-
homogeneous vector bundles. For simplicity, we assume that there is a universal bundle F on Y ×X (e.g.
v = r + dH + (d2k − 1)ω, (H2) = 2rk and (r, dk) = 1). We shall prove that P := P(F) is isomorphic to
MH(v)s. Let ̟ : P → Y ×X be the projection and ̟∗F → OP(λ) the universal quotient line bundle. Let
Γ be the graph of the projection P→ X . Then there is a surjective homomorphism
φ : ̟∗F ⊠OX → OΓ(λ).(4.55)
Since OΓ(λ) is flat over P, kerφ is a flat family of torsion free sheaves of v(kerφt) = v, t ∈ P. Thus we get a
morphism P→MH(v)s. It is easy to see that this morphism is proper and bijective. Hence it is isomorphic.
Let us consider the fiber product KH(v)s := MH(v)s ×MH(v) KH(v). We shall prove that KH(v)s is
disjoint union of r2 copies of Pr−1. Let E0 be an element of P such that ̟(E0) = (0, 0). We may assume
that a(E0) = (0, 0). Then the restriction of a to P factors P→ Y ×X → X̂ ×X , where Y ×X → X̂ ×X is
the map sending (y, x) to (det(y), α(y) − x). By [Mu1], #ker(det) = r2 (see Lemma 4.19). Hence KH(v)s
is r2 copies of Pr−1.
Let P1, P2, . . . , Pr2 be the r
2 copies of Pr−1. Assume that r ≥ 3. Let K˜H(v)→ KH(v) be the blow-up of
KH(v) along P1. Then the exceptional divisor P(Ω1P1) has a natural morphism ψ : P(Ω
1
P1
)→ Pˇ1, where Pˇ1
is the dual projective space of P1. Then we can contract fibers of ψ and get a symplectic manifold KH(v)
′.
That is, KH(v)
′ is Mukai’s elementary transform of KH(v) along P1 ([Mu3], [Hu, 2.5]).
Proposition 4.18. KH(v)
′ is not Ka¨hler.
Proof. By our assumption on X and Corollary 4.13, H1,1(KH(v))Q = Q⊕2. By using qKH(v), we have an
isomorphismH1,1(KH(v))Q ∼= H2r−3,2r−3(KH(v))Q. Let l1, l2, . . . , lr2 be lines on P1, P2, . . . , Pr2 respectively.
For a line bundle A of c1(A) = c1(v), we set MH(v,A) := {E ∈ MH(v)| detE = A}. Let NH(v,A) be
the Uhlenbeck’s compactification of the moduli space of µ-stable vector bundles E of Mukai vector v and
detE = A. By Li [Li], NH(v, detE0) is a projective scheme and there is a contraction f : MH(v, detE0)→
NH(v, detE0). By this contraction, each Pi are contracted to points on NH(v, detE0). Hence each li are
perpendicular to f∗(Pic(NH(v, detE0))). Let L be the pull-back of an ample line bundle on NH(v, detE0).
Then (L,C) 6= 0 for any curve which does not contained in ∪iPi. Therefore Q l1 = Q l2 = · · · = Q lr2. Let
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P ′1 ⊂ KH(v)′ be the center of the elementary transformation and l′1 a line on P ′1. Assume that KH(v)′ is
also Ka¨hler. Since H1,1(KH(v)
′)Q ∼= H1,1(KH(v))Q, H2r−3,2r−3(KH(v)′)Q is also of dimension 2. Since L is
trivial on a neighborhood of ∪iPi, we get (L, l′1) = (L, l2) = · · · = (L, lr2) = 0, where we denote the extension
of L|KH(v)\∪iPi to KH(v)
′ by the same L. Therefore we also get that Q l′1 = Q l2 = · · · = Q lr2. Since Ka¨hler
form has positive intersection with effective 1-cycles, we get that
Q+l1 = Q
+l2 = · · · = Q+lr2 ,
Q+l′1 = Q
+l2 = · · · = Q+lr2 .
(4.56)
On the other hand, since KH(v)
′ is the elementary transform of KH(v) along P1, for an ample line bundle
B on KH(v), (B, l1) > 0 and (B, l
′
1) < 0. By (4.56), this is impossible. Therefore KH(v)
′ is not Ka¨hler.
Lemma 4.19. Keep the notations as above. Then #ker(det : Y → X̂) = r2.
Proof. Let E be an element of Y . We set
K(E) := {x ∈ X |T ∗xE ∼= E},
K(detE) := {x ∈ X |T ∗x detE ∼= detE},
Σ(E) := {y ∈ X̂ |E ⊗ Py ∼= E},
(4.57)
where P is the Poincare´ line bundle on X × X̂. Then Y ∼= X/K(E) and ker det = K(detE)/K(E). By
[Mu1, Cor. 7.8],
#K(detE)
#K(E)
=
#Xr
#Σ(E)
,(4.58)
where Xr is the set of r-torsion points of X . Since #Xr = r
4 and #Σ(E) = r2 ([Mu1, Prop. 7.1]), we obtain
our lemma.
4.5. Intermediate jacobian. For an irreducible symplectic manifold M , H3(M,OM ) = 0. In this subsec-
tion, we shall compute the intermediate jacobian J2(KH(v)) := H
2(KH(v),Ω
1
KH (v)
)/H3(KH(v),Z). We set
Hodd(X,Z) := H1(X,Z)⊕H3(X,Z) and define weight 3 Hodge structure by
H0,3(Hodd(X,C)) = 0
H1,2(Hodd(X,C)) = H0,1(X)⊕H1,2(X)
H2,1(Hodd(X,C)) = H1,0(X)⊕H2,1(X)
H3,0(Hodd(X,C)) = 0.
(4.59)
We define a homomorphism
jv : H
odd(X,Z)→ H3(KH(v),Z)f(4.60)
by
jv(x) := −1
ρ
[
pKH(v)∗
(
ch(E|KH(v)×X)x
)]
3/2
,(4.61)
where H3(KH(v),Z)f is the torsion free quotient of H3(KH(v),Z). Since H1(KH(v),Z) = 0, it is easy to
see that jv does not depend on the choice of a quasi-universal family.
Proposition 4.20. Let v be a primitive Mukai vector such that v > 0, c1(v) ∈ NS(X) and 〈v2〉 ≥ 6. Then
jv : H
1(X,Z)⊕H3(X,Z)→ H3(KH(v),Z)f is an isomorphism preserving Hodge structures. In particular,
J2(KH(v)) ∼= X̂ ×X.
In the same way as in the proof of Theorem 0.2, we shall first prove our claim for the case where rk(v) = 1.
Since codimN (N\N∗) = 4,H3(N∗,Z) ∼= H3(N,Z). Since Go¨ttsche (see [Go¨, p. 50]) proved that b3(KH(v)) =
8, it is sufficient to prove that im j is a direct summand of H3(KH(v),Z). Since codimKH(v)(KH(v) \
KH(v)∗) = 2, H
3(KH(v),Z) → H3(KH(v)∗,Z) is injective. Since H3(KH(v)∗,Z)f → H3(Bδ(N∗),Z)Sn is
injective, we shall regard im j as a submodule of H3(Bδ(N∗),Z)Sn . By (4.24), we see that
jv(x1 + x3) =
∑
i
p∗i (x3)|Bδ(N∗) −
∑
i<j
ei,jp∗i (x1)|Bδ(N∗).(4.62)
By similar way as in the proof of Lemma 4.10, we see that im jv is a direct summand of H
3(Bδ(N∗),Z)Sn .
Thus we get our claim for rk v = 1 case. For general cases, by the following lemma, we can argue as in the
proof of Theorem 0.2.
Lemma 4.21. Let P be the Poincare´ line bundle on X × X̂. Then
(1) GHP is defined over Z.
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(2) Assume that GP induces an isomorphism KH(v) → KĤ(GHP (v)). Then the following diagram is com-
mutative.
Hodd(X,Z)
(−1)i+1GHP−−−−−−−→ Hodd(X̂,Z)
jv
y yjGHP (v)
H3(KH(v),Z) H3(KĤ(FHP (v)),Z)
(4.63)
The same assertion also holds for relative Fourier-Mukai functor on a product of elliptic curves in section
3.2.
Proof. We first treat original Fourier-Mukai functor. By Lemma 3.1, GHP is defined over Z. The second
assertion follows from the same computation in Proposition 2.4.
Let X = C1 × C2 be a product of two elliptic curves C1, C2. Let P be a universal family on relative
jacobian on i : X ×C1 X →֒ X ×X . By a direct computation, we see that ch(i∗(P)) ∈ H∗(X ×X,Z). Hence
the first claim holds. The second assertion follows from the same computation in Proposition 2.4.
4.6. The case where 〈v2〉 = 4. In this subsection, we shall treat the remaining case, that is, 〈v2〉 = 4. In
this case, KH(v) is a K3 surface. We assume that H is general with respect to v. We shall determine this
K3 surface. Let v = r + ξ + aω, ξ ∈ NS(X) be a Mukai vector of 〈v2〉 = 4. Then we see that ℓ(v) = 1, 2.
Replacing v by v ch(H⊗m), m ≫ 0, we may assume that ξ belongs to the ample cone. Let ι : X → X be
the (−1)-involution of X and x1, x2, . . . , x16 the fixed points of ι. Let π : X˜ → X be the blow-ups of X at
x1, x2, . . . , x16 and E1, E2, . . . , E16 the exceptional divisors of π. Let q1 : X → X/ι be the quotient map.
Then the morphism q1 ◦ π : X˜ → X/ι factors through the quotient X˜/ι of X˜ by ι : X˜ q2→ X˜/ι ̟→ X/ι. Let
Km(X) := X˜/ι be the Kummer surface associated to X and ̟ : X˜/ι→ X/ι the minimal resolution of X/ι.
We set Ci := q2(Ei), i = 1, 2, . . . , 16.
Since the notion of stability only depends on the numerical equivalence class of H , replacing H by H⊗P ,
P ∈ Pic0(X), we may assume that H is symmetric, that is, ι∗H = H . Then H has a ι-linearization. Hence
H⊗2 descend to an ample line bundle L on X/ι. Then Lm := ̟
∗(L⊗m)(−∑16i=1 Ci), m≫ 0 is an ample line
bundle on Km(X). We shall fix a sufficiently large integer m. We would like to relate KH(v) to MLm(w)
for some w ∈ H∗(Km(X),Z).
4.6.1. The case where ℓ(v) = 1. Let w = r + c1 + aω ∈ Hev(Km(X),Z) be an isotropic Mukai vector with
c1 ∈ NS(X). We shall look for some conditions on w such that KH(v) ∼=MLm(w). By Mukai [Mu4],MLm(w)
is not empty, if rk(w) > 0. Assume that π∗(q
∗
2c1) = ξ.
Lemma 4.22. MLm(w) consists of µ-stable sheaves, if rkw > 0.
Proof. Let E be an element of MLm(w). Then F := E
∨∨ is a µ-semi-stable vector bundle of v(F ) =
w+kω, k ≥ 0. q∗2(F ) is a µ-semi-stable vector bundle onX with respect to q∗2(Lm) = π∗(H⊗2m)(−2
∑16
i=1Ei).
Since m is sufficiently large, π∗(q
∗
2(F ))
∨∨ is µ-semi-stable with respect to H . Since ℓ(w) = 1 and H is a
general ample line bundle, π∗(q
∗
2(F ))
∨∨ is µ-stable. By the choice of m, q∗2(F ) is also µ-stable. Hence F is
a µ-stable vector bundle, which implies that MLm(w) consists of µ-stable sheaves.
Since dimMLm(w) = 〈w2〉 + 2 = 2, every member of MLm(w) is locally free. Moreover general members F
of MLm(w) are rigid on each (−2)-curves Ci.
Lemma 4.23. We set N(w, i) := {F ∈MLm(w)|Ext1OC (F|Ci , F|Ci) 6= 0}. Then N(w, i) is not empty if and
only if r| deg(F|Ci). Moreover if N(w, i) is not empty, then N(w, i) is a rational curve.
Proof. We assume that Ext1OC (F|Ci , F|Ci) 6= 0. We set F|Ci = ⊕kj=1OCi(aj)⊕nj , a1 < a2 < · · · < ak. Let
F ′ := ker(F → OCi(a1)⊕n1) be the elementary transformation of F along OCi(a1)⊕n1 . Since v(OCi(a1)) =
Ci + χ(OCi(a1))ω = Ci + (a1 + 1)ω, we get
v(F ′) = v(F )− n1(Ci − (a1 + 1)ω).(4.64)
Hence we see that 〈v(F ′)2〉 = −2n1(
∑
j≥2 nj(aj − a1 − 1)) ≤ 0. By the choice of Lm, F ′ is also µ-stable
(cf. [Y2, Prop. 2.3]). Hence −2 ≤ −2n1(
∑
j≥2 nj(aj − a1 − 1)). Since F is not rigid (i.e. Ext1(F, F ) 6= 0),∑
j≥2 nj(aj − a1 − 1) > 0. Thus n1 =
∑
j≥2 nj(aj − a1 − 1) = 1. Therefore we get that
F|Ci
∼= OCi(a1)⊕OCi(a1 + 1)⊕(r−2) ⊕OCi(a1 + 2).(4.65)
In this case, 〈v(F ′)2〉 = −2, and hence F ′ is a unique stable vector bundle of v(F ′) = v(F )−n1(Ci−(a1+1)ω).
It is not difficult to see that the choice of inverse transformations is parametrized by P1. Therefore N(w, i)
is a rational curve.
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We shall consider the pull-back q∗2(F ) of a general member F . Since F|Ci , 1 ≤ i ≤ 16 are rigid, replacing
q∗2(F ) by q
∗
2(F )(
∑16
i=1 siEi) for some integers si, we may assume that q
∗
2(F )|Ei
∼= OEi(−1)⊕ki ⊕ O⊕(r−ki)Ei .
Let φ : q∗2(F ) → ⊕16i=1OEi(−1)⊕ki be the quotient map induced by the quotients q∗2(F )|Ei → OEi(−1)⊕ki .
Then
(i) G := kerφ is the elementary transformation of q∗2(F ) along ⊕16i=1OEi(−1)⊕ki ,
(ii) G satisfies that G|Ei
∼= O⊕rEi .
Hence π∗(G) is a stable vector bundle on X . So we get a rational map f : MLm(w) · · · → MH(v), where
v = v(π∗(G)). Since MLm(w) is a K3 surface, the image of MLm(w) belongs to a fiber of a. Since q
∗
2(F ) is a
stable (and hence a simple vector bundle) and ι has fixed points, ι-linearization on F is uniquely determined
by q∗2(F ). Hence f is generically injective. By a simple calculation, we get that
〈v(G)2〉 = 2rc2(G) − (r − 1)(c1(G)2)
= 4rc2(F )− 2(r − 1)(c1(F )2)−
16∑
i=1
ki(r − ki)
= 2(〈w2〉+ 2r2)−
16∑
i=1
ki(r − ki)
= 4r2 −
16∑
i=1
ki(r − ki).
(4.66)
Hence if 〈v(G)2〉 = 4r2 −∑16i=1 ki(r − ki) = 4, then the fiber of a is isomorphic to MLm(w).
Conversely for a Mukai vector v = r + dN + aω ∈ Hev(X,Z) such that (a) N is a (1, n)-polarization, (b)
(r, d) = 1 and (c) 〈v2〉 = d2(N2) − 2ra = 4, we shall look for such a vector w ∈ Hev(Km(X),Z). We shall
divide the problem into two cases. We also treat the case where r = 0.
Case (I). We first assume that r is even. In this case, d must be odd. By the condition (c), (N2) = 2n is
divisible by 4. Thus n is an even integer. In this case, replacing N by N ⊗P , P ∈ Pic0(X), we may assume
that N has an ι-linearization which acts trivially on the fibers of N at exactly 4 points (cf. [L-B, Rem. 7.7]).
Replacing the indices, we assume that the 4 points are x1, x2, x3, x4. We set{
N1 := π
∗(N⊗d)( r−22
∑4
i=1 Ei +
r
2
∑
i≥5Ei),
N2 := N1(−rE1).
(4.67)
Then for suitable linearizations, N1 and N2 descend to line bundles ξ1 and ξ2 on Km(X) respectively. By
simple calculations, we get that
(ξ21) = d
2 (N
2)
2
− 2r2 + 2r − 2
= r(a − 2r + 2),
(ξ22) = r(a − 2r + 1).
(4.68)
(I-1) We first assume that r > 0 and set
w :=
{
r + ξ1 +
a−2r+2
2 ω, if a is even,
r + ξ2 +
a−2r+1
2 ω, if a is odd.
(4.69)
Then we get that 〈w2〉 = 0. Let F be a general stable vector bundle of v(F ) = w. By the choice of ξ1 and
ξ2, the restriction of q
∗
2(F ) or q
∗
2(F )(E1) to Ei is isomorphic to OEi(−1)⊕ki ⊕O⊕(r−ki)Ei , where ki = (r−2)/2
for 1 ≤ i ≤ 4 and ki = r/2 for i ≥ 5. Then by (4.66), we get that 〈v(π∗(G))2〉 = 4. Since rk(π∗(G)) = r and
c1(π∗(G)) = dN , v(π∗(G)) must be equal to v. Therefore KH(v) is isomorphic to MLm(w).
(I-2) We next assume that r = 0. In this case, d = 1 and (N2) = 4. Then dimH0(X,N) = 2. We
set w := ξ1 + bω, b 6= 0. Since (ξ21) = 0 and (ξ1, Lm) > 0, we get dimH0(Km(X), ξ1) ≥ 2. Since
dimH0(X,N) ≥ H0(Km(X), ξ1), dimH0(Km(X), ξ1) = 2. If |ξ1| does not have a fixed component, it
defines an elliptic fibration Km(X)→ P1. In this case, we see that MLm(w) is not empty and is isomorphic
to a compactification of the relative jacobian. For an elliptic curve D ∈ |ξ1|, q−12 (D)→ D is a double cover
branched at q2(Ci) ∩D, 1 ≤ i ≤ 4. Then we have a birational map MLm(w) · · · → KH(v) by sending a line
bundle F (∈MLm(w)) on D to π∗(q∗2(F )) ∈ KH(v). Therefore KH(v) is isomorphic to MLm(w). If |ξ1| have
a fixed component, then by a classification of N ,
(i) X is a product of two elliptic curves E1, E2 and
(ii) N = OE1(P1)⊠OE2(P2 + (−1)∗(P2)), where P1 ∈ E1 is a 2-torson point and P2 ∈ E2.
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In this case, the second projection p2 : X → E2 induces an elliptic fibration e : Km(X) → E2/ ± 1 = P1.
Then the section {P1} × E2 ⊂ X of p2 induces a section σ of e. Let f be a fiber of e. Then we see that
ξ1 = σ + f . Let y be a point of E2/ ± 1 such that e and E2 → E2/ ± 1 are smooth over y. Assume that
MLm(w) 6= ∅. Let F be an element of MLm(w) such that Supp(F ) = σ ∪ e−1(y). Then it is easy to see that
π∗(q
∗
2(F )) belongs to KH(v). Hence we have a birational map MLm(w) · · · → KH(v). Therefore KH(v) is
isomorphic to MLm(w). For the non-emptyness of MLm(w), we quote the following easy lemma.
Lemma 4.24. Let λ be a rational number such that b/λ 6∈ Z. Let n be an integer of b/λ < n < b/λ+1. Let
F be a coherent sheaf of v(F ) = w. Then F is stable with respect to σ + (λ+ 1)f + L′, L′ ∈ 〈σ, f〉⊥, if and
only if F fits in a non-trivial extension
0→ Oσ(b − n− 1)→ F → I → 0,(4.70)
where I is a line bundle of degree n on a fiber of e. In particular, Mσ+(λ+1)f+L′(w) is isomorphic to a
compactification of relative jacobian.
Case (II). We assume that r is odd. Replacing v by v ch(N), we may assume that d is even. We set
N1 := π
∗(N⊗d)( r−12
∑16
i=1 Ei). Then for a suitable linearization, N1 descends to a line bundle ξ on Km(X).
By a simple calculation, we get that (ξ2) = r(a− 2r+ 4). Since d is even and r is odd, condition (c) implies
that a is an even integer. We set w := r + ξ + {(a− 2r + 4)/2}ω. Then we get that 〈w2〉 = 0. In the same
way as above, we see that v(π∗(G)) = v, which implies that KH(v) ∼=MLm(w).
Remark 4.5. By the choice of ki, if r > 2, then N(w, i) is empty. Thus f is a morphism. If r = 2, then
N(w, i), 1 ≤ i ≤ 4 is not empty and these closed subset correspond to the closed subset
N(v, i) := {G ∈ KH(v)|G is not locally free at xi}.(4.71)
4.6.2. The case where ℓ(v) = 2. In this case, we may assume that v = 2(r + dN) + aω, where N is a
primitive ample line bundle and d2(N2) = ra + 1. We use the same notations and methods as in the case
where ℓ(v) = 1. For this purpose, we prepare a lemma.
Lemma 4.25. Keep the notations as above. Assume that r ≥ 2. If H is general, then every µ-semi-stable
sheaf E of v(E) = v is a µ-stable vector bundle.
Proof. Let E be a µ-semi-stable sheaf of v(E) = v. Assume that E is not µ-stable. Since H is general, there
is an exact sequence
0→ E1 → E → E2 → 0,(4.72)
where Ei, i = 1, 2 are µ-stable sheaves of v(Ei) = r+ dN + aiω. Since d
2(N2) = ra+ 1 and a1 + a2 = a, we
see that 〈v(E1)2〉 = r(a2− a1)+ 1 and 〈v(E2)2〉 = r(a1− a2)+ 1. Since 〈v(E1)2〉, 〈v(E2)2〉 ≥ 0, 〈v(E1)2〉 = 0
or 〈v(E2)2〉 = 0. Then we get r(a1 − a2) = ±1. Since r > 1, this is impossible. Therefore E is µ-stable. If
E is not locally free, then F := E∨∨ is a µ-stable locally free sheaf of v(F ) = v + bω, b > 0. Since r > 1, we
see that 〈v(F )2〉 = 〈v2〉 − 4rb < 0. Hence E must be locally free.
We first assume that r > 1. We set N1 := π
∗(N⊗2d)(−r∑16i=1 Ei+2E1). Then for a suitable linearization
on N1, N1 descend to a line bundle ξ1 on Km(X). We set w := 2r + ξ1 +
a+1−4r
2 ω. Then we see that
〈w2〉 = 0. Let F be a µ-semi-stable vector bundle of v(F ) = w with respect to Lm. By the choice of ξ1 and
λ, π∗(q
∗
2(F ))
∨∨ is a µ-semi-stable vector bundle of v(π∗(q
∗
2(F ))
∨∨) = v+ bω, b ≥ 0. By Lemma 4.25 and the
choice of Lm, q
∗
2(F ) is a µ-stable vector bundle with respect to q
∗
2(Lm) and π∗(q
∗
2(F ))
∨∨ is a µ-stable vector
bundle of v(π∗(q
∗
2(F ))
∨∨) = v. Hence KH(v) is isomorphic to MLm(w).
If r = 1, thenMH(v) is isomorphic toMH(v
′), v′ = 2−ω. In this case, Mukai [Mu5, Cor. 4.5] (see Theorem
8.4) showed that Fourier-Mukai transform GP by Poincare´ line bundle P on X̂ × X gives an isomorphism
MH(v
′) → Hilb2
X̂
×X . Therefore KH(v) is isomorphic to Km(X̂). By the isomorphism induced by GP , a
generel member of MH(v
′) fits in an exact sequence
0→ E → Px ⊕ Py → Cz → 0(4.73)
where x, y ∈ X̂ and z ∈ X . By using (4.73), we give another description of KH(v). Assume that y = −x
and z = 0. Then E belongs to KH(v). Since ι
∗(Px) ∼= Py, G := π∗(Px ⊕ Py) has a ι-linearization. We
note that the action of ι on G|Ei = π
∗(Px)|Ei ⊕ π∗(Py)|Ei is given by (a, b) 7→ (b, a). Let ψi : GEi → OEi
be the homomorphism sending (a, b) to a − b. Let ψ : G → ⊕16i=1OEi be the composition of the restriction
G → ⊕16i=1G|Ei with ⊕ψi : ⊕16i=1G|Ei → ⊕16i=1OEi . Then ker(ψ) is ι-linearlized locally free sheaf such that
the action is trivial on ∪iEi. Hence there is a locally free sheaf F on Km(X) such that q∗2(F ) = ker(ψ). By
our construction of ker(ψ), ker(ψ) is stable with respect to q∗2(Lm). Hence F is stable with respect to Lm.
Moreover we see that ch(q∗2(F )) = 2−
∑
iEi − 8ω, and hence v(F ) = 2 − (
∑
iCi)/2− 2ω =: w. Since w is
isotropic, MLm(w) is a K3 surface. Therefore KH(v) is isomorphic to MLm(w).
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Combining all together, we obtain the following theorem.
Theorem 4.26. Let v ∈ Hev(X,Z) be a Mukai vector such that v > 0, c1(v) ∈ NS(X) and 〈v2〉 = 4.
Assume that H is general with respect to v. Let Km(X) be the Kummer surface associated to X. Then there
is an isotropic Mukai vector w ∈ Hev(Km(X),Z) and an ample line bundle H ′ on Km(X) such that KH(v)
is isomorphic to MH′(w).
5. Appendix: Stable sheaves on a family of abelian (or K3) surfaces
In this appendix, we shall prove the following proposition.
Proposition 5.1. Let T be a connected smooth curve and (X ,L) a pair of a smooth family of abelian
surfaces (resp. K3 surfaces) pT : X → T and a relatively ample line bundle L. Assume that Xt1 is an
abelian surface (resp. K3 surface) of NS(Xt1) = ZLt1 , for a point t1 ∈ T (in particular L is primitive). Let
v = r + dL+ aω ∈ R∗pT∗Z be a prmitive Mukai vector. Then,
(1) there is an algebraic space M(v)→ T which is smooth, proper and M(v)t =MHt(vt), t ∈ T for a general
ample divisor Ht on Xt. Moreover if we choose a finite subset T0 ⊂ T and choose any ample divisor H ′t
on Xt, t ∈ T0, such that MH′t(vt) = MH′t(vt), then we can construct M(v) so that M(v)t = MH′t(vt)
for t ∈ T0.
(2) For the family M(v)→ T , the homomorphism θvt : v⊥t → H2(M(v)t,Z), t ∈ T gives a homomorphism
between local systems {v⊥t }t∈T → {H2(M(v)t,Z)}t∈T .
(3) If pT : X → T is a family of abelian surfaces with a section, then we have a family of morphisms
avt : M(v)t → (X ×T Pic0X/T )t, t ∈ T .
Proof. The proof is similar to [Y3, Prop. 3.3]. But we repeat the proof since our assumption on v is weaker
than that in [Y3, Prop. 3.3].
Let g : PicX/T → T be the relative Picard scheme. We denote the connected component of PicX/T
containing the section of g which corresponds to the family dL by PicξX/T . Since Pic0X/T ∼= PicξX/T , PicξX/T →
T is a smooth morphism. Let h : MX/T (v)→ T be the moduli scheme parametrizing S-equivalence classes
of Lt-semi-stable sheaves E on Xt with v(E) = vt [Ma1]. Let D be the closed subset of MX/T (v) consisting
of properly Lt-semi-stable sheaves on Xt. Since h is a proper morphism, h(D) is a closed subset of T . Since
h(D) does not contain t1 and T is an irreducible curve, h(D) is a finite point set. Since our problem is local,
we may assume that h(D) = {t0}. Let H be a general ample divisor on Xt0 . Let s : SplX/T (v)→ T be the
moduli space of simple sheaves E on Xt, t ∈ T with v(E) = vt [A-K, Thm. 7.4]. Let U1 be the closed subset
of s−1(T \ {t0}) consisting of simple sheaves on Xt, t ∈ T \ {t0} which are not stable with respect to Lt and
U1 the closure of U1 in SplX/T (v). Let U2 be the closed subset of s
−1(t0) consisting of simple sheaves which
are not semi-stable with respect to H . In Lemma 5.3, we shall prove that U1 ∩ s−1(t0) is a subset of U2.
We set M(v) := SplX/T (v) \ (U1 ∪ U2). Then M(v) is an open subspace of SplX/T (v) which is of finite type
and contains all H-stable sheaves on Xt0 . By using valuative criterion of separatedness and properness, we
get that s : M(v) → T is a proper morphism. Indeed, since M(v) ×T (T \ {t0}) → T \ {t0} is proper, it is
sufficient to check these properties near the fibre Xt0 . The separatedness follows from base change theorem
and stability with respect to H (cf. [A-K, Lem. 7.8]), and the properness follows from Lemma 5.3 below
and the projectivity of M(v)t0 . Since Pic
ξ
X/T → T is a smooth morphism, [Mu3, Thm. 1.17] implies that
s : M(v)→ T is a smooth morphism. Thus (1) holds.
We next prove the second claim. By the proof of [Mu4, Thm. A.5], there is a quasi-universal family E on
M(v) ×T X . Since L is relatively ample, there is a locally free resolution of E . Hence we can define Chern
character of E . Then θvt(x) = −(1/ρ)[pM(v)t∗((ch E)t(
√
tdX/T )tx
∨)]1, x ∈ v⊥t , where tdX/T is the relative
Todd class of X → T and ρ is the similitude of E . Therefore θvt is a homomorphism between local systems.
Assume that pT is a family of abelian surfaces with a section σ. Then R
4pT∗Z ∼= Zσ and we have a
flat family of coherent sheaves V1 and V2 on X such that v((V1)t − (V2)t) = vt, t ∈ T . Moreover there is
a universal line bundle on X ×T Pic0X/T . Hence by using the formal difference V1 − V2, we can define a
morphism a : M(v)→ X ×T Pic0X/T .
Lemma 5.2. Keep the notation above. Let R be a discrete valuation ring over OT . Assume that OT → R
is injective. Let L be a line bundle over X ⊗OT R. Then c1(L) = lc1(L ⊗OT R) for some l ∈ Z.
Proof. We set LR := L⊗OTR. Let P (x) be the Hilbert polynomial of L with respect to LR. Let E be a locally
free sheaf on X such that there is a surjective homomorphism E⊗OT R→ L, and we shall consider the quot
scheme Q := Quot
P (x)
E/X/T . Then L defines a morphism τ : Spec(R)→ Q such that L = (τ ×T 1X )∗Q, where
Q is the universal quotient. Let Q0 be the connected component of Q which contains the image of Spec(R).
Since Spec(R) → T is dominant, q : Q0 → T is dominant, and hence surjective. Since NS(Xt1) = ZLt1 , we
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get that c1(Qq1) = lc1(Lq1 ), l ∈ Z, where q1 ∈ q−1(t1). Hence c1(Q) = lc1(L ⊗OT OQ0) as an element of
R2pQ0∗Z, where pQ0 : X ×T Q0 → Q0 is the projection. Therefore we get our lemma.
Lemma 5.3. Keep the notation as above. Let R be a discrete valuation ring, K the quotient field of R, and
k the residue field of R. Let Spec(R)→ T be a dominant morphism such that Spec(k)→ T defines the point
t0.
(1) Let E be a R-flat coherent sheaf on XR such that EK := E ⊗R K is not semi-stable with respect to
LK . Then Et0 is not semi-stable with respect to any ample divisor on Xt0 .
(2) For a LK-stable sheaf EK on XK , there is a R-flat coherent sheaf E on XR such that E ⊗R K = EK
and E ⊗R k is a H-stable sheaf.
Proof. (1) We first assume that rkE > 0. Since EK is not semi-stable, there is a quotient sheaf EK → FK
such that
(i)
(c1(EK), c1(LK))
rkEK
>
(c1(FK), c1(LK))
rkFK
,(5.1)
or
(ii)
(c1(EK), c1(LK))
rkEK
=
(c1(FK), c1(LK))
rkFK
,
χ(EK)
rkEK
>
χ(FK)
rkFK
.(5.2)
Let E → F be a flat extension of EK → FK . By Lemma 5.2, (5.1) and (5.2) implies that c1(E)/ rkE −
c1(F )/ rk(F ) = lc1(LR), l ∈ Q≥0. Since (c1(Lt0), H) > 0 for any ample divisor H on Xt0 , similar relations
to (5.1), (5.2) hold for F ⊗R k. Thus E ⊗R k is not semi-stable with respect to any ample divisor on Xt0 .
If rkE = 0, then by using the inequality
χ(EK)
(c1(EK), c1(LK)) >
χ(FK)
(c1(FK), c1(LK)) ,(5.3)
we can prove our claim.
(2) The proof is very similar to [Y3, Lem. 3.4]. In [Y3], we only consider the case where µ-semi-stable
sheaves are µ-stable. By using a similar method as in the proof of (1), we can easily modify the arguments
in the second paragraph of the proof of [Y3, Lem. 3.4].
6. Appendix: Evidence of Conjecture 4.16
Throughout of this section, we assume that X is an abelian surface with NS(X) = ZH , where H is the
ample generator. We consider Fourier-Mukai transform FP (resp. GP) induced by the Poincare´ line bundle
P on X × X̂ . In particular, we shall prove Theorem 4.17.
6.1. Proof of Theorem 4.17 (i).
Lemma 6.1. Let v = r + dH + aω be a Mukai vector such that r > 0, d ≥ 0, (r, d) = 1 and a ≤ 0. Then
H0(X,E) = 0 for a general E ∈MH(v).
Proof. We shall prove our claim by induction on r.
(I) Assume that r = 1. Then MH(v) ∼= X̂ × Hilb〈v
2〉/2
X . For IZ ∈ Hilb〈v
2〉/2
X and L ∈ Pic0(X), we get
χ(IZ(dH)⊗ L) = a ≤ 0. Hence H0(X, IZ(dH)⊗ L) = 0 for general IZ and L.
(II) Let (r1, d1) be a pair of integers such that d1r − dr1 = 1 and 0 < r1 < r. We set (r2, d2) :=
(r − r1, d − d1). We may assume that d1 > 0 and d − d1 ≥ 0. We shall choose Mukai vectors vi :=
ri + diH + aiω, i = 1, 2 such that ai ≤ 0, i = 1, 2. We shall choose Ei ∈ MH(vi), i = 1, 2 such that
H0(X,Ei) = 0. If r2 > 1, then we may assume that E2 is locally free. In this case, we have d2 > 0. Hence
−χ(E1, E2) = d1d2(H2)− r2a1 − r1a2 > 0. Then there is a non-trivial extension
0→ E2 → E → E1 → 0.(6.1)
By [Y5, Lem. 2.1], E is a µ-stable sheaf. Therefore our claim holds. If r2 = 1, then −χ(OX(d2H), E1) =
d1d2(H
2)− a1 − r1d22(H2)/2 = d2(d1r2 − r1d2/2)(H2)− a1 > 0, unless d2 = a1 = 0. Assume that a1 > 0 or
d2 > 0. Then we have a non-trivial extension
0→ OX(d2H)→ E′ → E1 → 0.(6.2)
[Y5, Lem. 2.1] implies that E′ is a µ-stable sheaf of v(E′) = v + bω, where b = χ(OX(d2H)) − χ(E2) ≥
χ(OX(d2H)). We choose points x1, x2, . . . , xb ∈ X such thatH0(X, IZ(d2H)) = 0, where Z = {x1, x2, . . . , xb}.
If we take a suitable surjection φ : E′ → ⊕bi=1Cxi , then E := kerφ fits in an exact sequence
0→ IZ(d2H)→ E → E1 → 0.(6.3)
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Since v(E) = v, E is a desired element ofMH(v). Next we assume that a1 = d2 = 0. Then we get d = d1 = 1.
By Proposition 3.5, the claim holds.
By using Lemma 6.1, we get the following proposition.
Proposition 6.2. Let v = l(r + dH) + aω be a primitive Mukai vector of r, l > 0, d ≥ 0, (r, d) = 1 and
a ≤ 0. Then H0(X,E) = 0 for a general E ∈MH(v).
Proof. We choose integers a1, a2, . . . , al such that
∑l
i=1 ai = a and ai ≤ 0 for 1 ≤ i ≤ l. We set vi :=
r+ dH + aiω. By Lemma 6.1, we can choose elements Ei ∈MH(vi), 1 ≤ i ≤ l such that H0(X,Ei) = 0. We
set E := ⊕li=1Ei. Then E is µ-semi-stable and H0(X,E) = 0. Since 〈v2〉 ≥ 2l2, the proof of [Y5, Lem. 4.4]
implies that our proposition holds.
The following is the same as Theorem 4.17 (i).
Theorem 6.3. Let v = r + dH + aω be a primitive Mukai vector such that d > 0 and a ≤ 0. Then FP
induces a birational map MH(v) · · · →MĤ(−FHP (v)).
Proof. By Proposition 6.2, F0P(E) = 0 for a general E ∈MH(v). Since F2P(E) = 0, WIT1 holds for a general
E. Then by Corollary 4.15, we get our claim.
6.2. Proof of Theorem 4.17 (ii). If d = 0, then by Theorem 8.4, we get Theorem 4.17 for this case. Next
we shall consider the case where d, a > 0. We devide the proof into several cases.
We first treat the case where d ≡ 1 mod r.
Lemma 6.4. (1) Assume that χ(IZ(H)) > 0. Then for n ≥ 1, H1(X, IZ(nH) ⊗ Px) = 0 except finitely
many points x ∈ X̂. (2) If χ(IZ(H)) = 0 and n ≥ 1, then H1(X, IZ(nH)⊗ Px) = 0 for a general x ∈ X̂.
Proof. We first prove (1) by induction on n. By Proposition 3.2, the assertion holds for n = 1. For n > 1,
we choose a curve C of C ≡ H (numerical equiv.). Since H0(X,OX(H) ⊗ Py) → H0(X,OZ(H) ⊗ Py) is
surjective for some y ∈ X̂ because of the claim for n = 1, we may assume that C does not meet Z. Then we
have an exact sequence
0→ IZ((n− 1)H)→ IZ(nH)⊗ Py → OC(nH)⊗ Py → 0.(6.4)
Since deg(OC(nH)) = n(2g(C) − 2) > 2g(C) − 2, H1(X,OC(nH) ⊗ Px) = 0 for all x ∈ X̂ . Hence if
H1(X, IZ((n− 1)H)⊗ Px) = 0 except finitely many points x ∈ X̂, then the claim also holds for IZ(nH).
For the claim (2), we use Remark 3.1 instead of Proposition 3.2.
Lemma 6.5. Assume that v = r+H + aω satisfies r > 1 and 2r > (H2)− 2ra ≥ 0. Then there is a locally
free sheaf E ∈MH(v) such that E fits in an exact sequence
0→ ⊕r−1i=1Pxi → E → IZ(H)→ 0,(6.5)
where xi ∈ X̂.
Proof. By our assumption,MĤ(a+Ĥ+rω̂) 6= ∅. We choose an element F ∈MĤ(a+Ĥ+rω̂). By Proposition
3.2, WIT2 holds for F with respect to GP and G2P(F ) belongs to MH(v). Since r > 1, we may assume that
E := G2P(F ) is locally free. We show that E satisfies our claim. Let x1, x2, . . . , xr−1 be distinct points of X̂ .
Let G be an element of MĤ(a+ Ĥ + ω̂) which fits in an exact sequence
0→ G→ F → ⊕r−1i=1C−xi → 0.(6.6)
Applying GP , we get an exact sequence
0→ G2P (⊕r−1i=1C−xi)→ G2P(F )→ G2P(G)→ 0(6.7)
and G2P (G) belongs to MH(1 +H + aω). We set IZ(H) := G2P(G). Since G2P (⊕r−1i=1C−xi) ∼= ⊕r−1i=1Pxi, we get
our claim.
Lemma 6.6. Assume that a ≥ 0. If there is an element E ∈ MH(r + dH + (a + b)ω), b > 0 such that
H1(X,E) = 0, then there is an element F ∈MH(r + dH + aω) such that H1(X,F ) = 0.
Proof. We note that dimH0(X,E) = a + b. For general points x1, x2, . . . , xb ∈ X and a general surjection
f : E → ⊕bi=1Cxi , H0(X,E) → H0(X,⊕bi=1Cxi) is surjective. Hence H1(X, ker f) = 0. Since ker f is
µ-semi-stable, Remark 4.4 implies that there is an element F ∈MH(r + dH + aω) of H1(X,F ) = 0.
Theorem 6.7. Assume that r > 1, d ≡ 1 mod r, d > 0 and a > 0. Then for a general element of
MH(r + dH + aω), WIT2 folds with respect to GP . In particular we have a birational map MH(r + dH +
aω) · · · →MĤ(a+ dĤ + rω̂).
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Proof. We note that Hom(E,Px) = 0 for all x ∈ X̂ and E ∈MH(r+dH+aω). Hence G1P (E) is torsion free.
If Ext1(E,Px) ∼= H1(X,E ⊗ P−x)∨ = 0 for some x ∈ X̂, then G1P(E) = 0. Thus WIT1 holds for a general
E. So we shall show that H1(X,E ⊗P−x)∨ = 0 for some x ∈ X̂. By Lemma 6.6, it is sufficient to show our
claim under the assumption 2r > d2(H2)− 2ra ≥ 0. By Lemma 6.4, our claim follows from Lemma 6.5.
We next treat the case where d ≡ −1 mod r.
Lemma 6.8. Let E be a stable sheaf in Lemma 6.5. Then A := E(−H) satisfies that H1(X,A∨(nH)⊗Px) =
Ext1(A(−nH),Px) = 0, n ≥ 0 for a general x ∈ X̂.
Proof. We note that there is a curve C of C ≡ H which does not meet Z. We first show that Ext2(A|C ,Px) =
H0(X,A|C ⊗ P∨x )∨ = 0 for a general x ∈ X̂. Since χ(OC) = −(H2)/2 < 0, for a general x ∈ X̂, we have
H0(X,OC ⊗ P∨x ) = 0. Hence H0(X, IZ|C ⊗ P∨x ) = 0 for a general x ∈ X̂ . Therefore H0(X,A|C ⊗ P∨x ) = 0
for a general x ∈ X̂ . If n > 0, then we have H0(X,A(−nH)|C ⊗ P∨x ) = 0 for all x ∈ X̂. We consider an
exact sequence induced by (6.5):
0→ OX → A∨ f→ ⊕r−1i=1P∨xi(H).(6.8)
Let J be the image of f . Then we have a filtration 0 ⊂ J1 ⊂ J2 ⊂ · · · ⊂ Jr−1 = J such that Ji/Ji−1 = IZi ⊗
P∨xi(H). Since
∑
i deg(Zi) = degZ ≤ (H2)/2, χ(IZi ⊗P∨xi(H)) = (H2)/2− deg(Zi) ≥ 0. Hence Proposition
3.2 implies that H1(X, Ji/Ji−1 ⊗ Px) = 0 for a general x ∈ X̂. Therefore H1(X, J ⊗ Px) = 0 for a general
x ∈ X̂, which implies that H1(X,A∨ ⊗ Px) = 0 for a general x ∈ X̂. Since Ext2(A(−(n − 1)H)|C ,Px) = 0
for n ≥ 1 and a general x ∈ X̂ , by using an exact sequence
0→ A(−nC)→ A(−(n− 1)C)→ A(−(n− 1)C)|C → 0(6.9)
we get that Ext1(A(−nC),Px) = 0 for a general x ∈ X̂.
By Lemma 6.8, we get the following theorem.
Theorem 6.9. Assume that r > 1, d ≡ −1 mod r, d > 0 and a > 0. Then for a general element of
MH(r + dH + aω), WIT2 folds with respect to GP . In particular we have a birational map MH(r + dH +
aω) · · · →MĤ(a+ dĤ + rω̂).
Proof. By Lemma 6.6, we may assume that 2r > d2(H2) − 2ar ≥ 0. By Lemma 6.8, there is a locally free
sheaf E ∈MH(r + dH + aω) such that H1(X,E) = 0. Therefore we get our claims.
In order to complete the proof of Theorem 4.17 (ii), we need two more results.
Theorem 6.10. GP induices a birational map MH(r + rdH + aω) · · · → MĤ(a + rdĤ + rω̂), if r, d, a > 0
and (r, a) = 1.
Proof. Obviously H1(X,OX(dH)⊕r) = 0. Since a ≤ rd2(H2)/2, by Lemma 6.6, we get our claim.
Proposition 6.11. GP induces a birational map MH(4 + (4n+ 2)H + aω) · · · →MĤ(a+ (4n+ 2)Ĥ + 4ω̂),
if n ≥ 0 and a is an odd positive integer.
Proof. We set v = 4 + (4n + 2)H + {(2n + 1)2(H2)/2}ω. Then 〈v2〉 = 0. Let E be a semi-stable sheaf of
v(E) = v. Since E is semi-homogeneous, H1(X,E) = 0. Since a ≤ (2n+ 1)2(H2)/2, by Lemma 6.6, we get
our claim.
Combining all together (Theorem 6.7, 6.9, 6.10 and Proposition 6.11), we get Theorem 4.17 (ii).
7. Appendix: Isomorphisms of moduli spaces induced by more general functor FE
In this section, we treat more general cases than section 3.1. Let (X,H) be a polarized abelian (or K3)
surface of (H2) = 2r0k, where r0 and k are positive integers of (r0, k) = 1. We assume that NS(X) = ZH .
We set v0 := r0+d0c1(H)+d
2
0kωX , where d0 is an integer of (r0, d0) = 1 and ωX is the fundamental class of
X . Then 〈v20〉 = 0. So Y :=MH(v0) is an abelian (or K3) surface. Since X and Y are isogenous, NS(Y ) ∼= Z.
Since (r0, d
2
0k) = 1, there is a universal family E on X × Y . We assume that
• E is locally free.2
2 If E is not locally free, then Fourier-Mukai functor is the same as reflection functor [Mu4]. This case was treated in [Mr]
and [Y5].
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Bridgeland [Br2], Mukai [Mu7] (see Corollary 4.6),[Mu8] and Orlov [O] proved that E satisfies conditions (2.1)
and (2.2). Thus E defines Fourier-Mukai functor FE : D(X)→ D(Y ). Let FHE : Hev(X,Z)→ Hev(Y,Z) be
the induced isometry. We set
Ĥ := det(pY !(E ⊗ OH(kr0 − 2kd0)))∨.(7.1)
We claim that Ĥ is a primitive ample line bundle of (c1(Ĥ)
2) = (c1(H)
2).
Proof of the claim: By Grothendieck-Riemann-Roch theorem, we have
c1(Ĥ) = θv0(v(OH(kr0 − 2kd0))∨).(7.2)
By direct computations, we see that v0 and v(OH(kr0 − 2kd0))∨ = −(c1(H) + 2kd0ωX) generate (v0)⊥ ∩
(Z⊕NS(X)⊕ ZωX). Since
θv0 : (v0)
⊥/Zv0 → H2(Y,Z)(7.3)
is an isomorphism, c1(Ĥ) is primitive. By Li [Li] (or [BBH2]) and the following lemma, Ĥ is ample. Hence
Ĥ is a primitive ample line bundle.
Lemma 7.1. Let X be an abelian surface and w = r + c1 + aωX , c1 ∈ NS(X) a primitive isotropic Mukai
vector of r > 0. Let L be an ample line bundle such that r|(c1(L), c1). Let D be a divisor on C ∈ |L| of
degree (C2)/2− (c1, C)/r. Then
L̂ := det(pY !(E ⊗ OC(D)))∨(7.4)
is an ample line bundle on Y .
Proof. Let E be a quasi-homogeneous vector bundle of v(E) = w. Mukai [Mu1] showed that E is stable with
respect to any ample line bundle on X . Let m : X ×X → X be the multiplication map. Then m∗E is a
family of quasi-homogeneous vector bundles of Mukai vector w. Hence we get a morphism φE : X →MH(w).
Replacing E by E ⊗ L⊗n, n≫ 0, we may assume that c1(E) is ample. Then this map is finite. In order to
prove the ampleness of L̂, it is sufficient to prove the ampleness of φ∗E(L̂) = det(p2!(m
∗E ⊗ p∗1(OC(D))))∨,
where pi : X × X → X is the i-th projection. By using Grothendieck-Riemann-Roch theorem, we have
c1(φ
∗
E(L̂)) = −[p2∗(m∗(w)p∗1(C− (c1,C)r ωX))]1. A simple calculation shows that c1(φ∗E(L̂)) = (c1,C)r c1− (c
2
1)
2r C.
Since X is an abelian surface, (c1(φ
∗
E(L̂))
2) = a2(c1(L)
2) > 0 and (c1(φ
∗
E(L̂)), c1) = (c1(L), c1)(c
2
1)/2r > 0
imply that φ∗E(L̂) is ample.
Since −v(FE(OH(kr0 − 2kd0))) = c1(Ĥ) + λωY , λ ∈ Z and FHE is an isometry of Mukai lattice,
(c1(Ĥ)
2) = 〈v(FE(OH(kr0 − 2kd0)))2〉
= 〈v(OH(kr0 − 2kd0))2〉 = (c1(H)2).
(7.5)
Lemma 7.2. Let d1 and l be integers which satisfy d1(kd0) − lr0 = 1. Then replacing E by E ⊗ p∗YN ,
N ∈ Pic(Y ), we get
FHE (1) = d20k + d0lc1(Ĥ) + l2r0ωY
FHE (c1(H)) = 2d0kr0 + (2d0kd1 − 1)c1(Ĥ) + (2d0k2d21 − 2d1k)ωY
FHE (ωX) = r0 + d1c1(Ĥ) + d21kωY .
(7.6)
Proof. We set 
c1(FHE (1)) = ac1(Ĥ),
c1(FHE (c1(H))) = bc1(Ĥ),
c1(FHE (ωX)) = cc1(Ĥ),
(7.7)
where a, b, c ∈ Z. Since F̂E(Cy) = E∨y for y ∈ Y , we have F̂HE (ωY ) = v∨0 . This implies that FHE (v∨0 ) = ωY .
Hence we get the relation
r0a− d0b+ d20kc = 0.(7.8)
Since (r0, d0) = 1, b ≡ d0kc mod r0. By the definition of Ĥ, −b + 2kd0c = 1. Hence we get kd0c ≡ 1
mod r0. By the definition of d1, we get c ≡ d1 mod r0. Replacing E by E ⊗ Ĥ⊗((d1−c)/r0), we may assume
that {
c1(FHE (c1(H))) = (2kd0d1 − 1)c1(Ĥ),
c1(FHE (ωX)) = d1c1(Ĥ).
(7.9)
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Since FHE is an isometry, 〈FHE (ωX)2〉 = 〈ω2X〉 = 0. Hence we get
FHE (ωX) = r0 + d1c1(Ĥ) + d21kωY .(7.10)
Since E is a universal family of stable sheaves of Mukai vector v0, we get the following relations:
FHE (v∨0 ) = ωY
FHE (ωX) = r0 + d1c1(Ĥ) + d21kωY
FHE (−c1(H) + 2kd0ωX) = x+ c1(Ĥ) + yωY ,
(7.11)
where x, y ∈ Z. Since FHE is an isometry, we see that x = 0 and y = 2kd1. Hence we get our lemma.
Lemma 7.3. We set w0 := r0 + d1c1(Ĥ) + d
2
1kωY . Then X
∼= MĤ(w0) and E is a universal family on
MĤ(w0)× Y . In particular, E|{x}×Y , x ∈ X is a µ-stable vector bundle.
Proof. By (2.1), E|{x}×Y , x ∈ X is a simple vector bundle on Y . Since NS(Y ) = ZĤ and w0 = v(E|{x}×Y )
is an isotropic Mukai vector, E|{x}×Y is a stable vector bundle on Y ([Mu4, Prop. 3.14]). Since (r, d1) = 1,
E|{x}×Y is µ-stable. Hence there is a morphism ψ : X → MĤ(w0). By (2.1), this morphism is injective.
Since MĤ(w0) is a smooth projective surface, ψ is an isomorphism.
In order to generalize Proposition 3.2, and 3.5, let us introduce some notations. Let G be a locally free sheaf
on X . For a torsion free sheaf E on X , we define
rkG(E) : = rk(E ⊗G∨),
degG(E) : = deg(E ⊗G∨),
µG(E) : =
degG(E)
rkG(E)
.
(7.12)
For x ∈ D(X) (resp. v(x) ∈ Hev(X,Z)), we can also define rkG(x) and degG(x) (resp. rkG(v(x)) and
degG(v(x))). Then we see that
µG(E) =
deg(E) rk(G)− deg(G) rk(E)
rk(G) rk(E)
= µ(E)− µ(G).
(7.13)
The following lemma is obvious.
Lemma 7.4. (1) E is µ-stable if and only if
µG(F ) < µG(E)(7.14)
for any subsheaf F ⊂ E of rk(F ) < rk(E).
(2) Let E,F be µ-semi-stable sheaves of µG(E) > µG(F ). Then Hom(E,F ) = 0.
Assume that degG(E) = 1. Then it is easy to see that E is µ-stable if and only if degG(F ) ≤ 0 for any
subsheaf F ⊂ E of rk(F ) < rk(E).
Lemma 7.5. We choose points s ∈ X and t ∈ Y . We set
G1 := E∨|X×{t},
G2 := E|{s}×Y .
(7.15)
Then for a Mukai vector v,
degG1(v) = − degG2(FHE (v)) = degG∨2 (F
H
E (v)
∨).(7.16)
Proof. We set
v = r + dc1(H) + aωX ,
FHE (v) = r′ + d′c1(Ĥ) + a′ωY .
(7.17)
It is sufficient to prove that r′d1 − d′r0 = dr0 + rd0. This follows from the following relations which come
from Lemma 7.2: {
r′ = r(d20k) + d(2d0r0k) + ar0,
d′ = r(d0l) + d(2d0d1k − 1) + ad1.
(7.18)
Due to this lemma, we can use the same arguments as in Propositions 3.2 and 3.5. Hence we get the following
theorem.
Theorem 7.6. Keep the notations as above. Let v := r+dc1(H)+aωX be a Mukai vector of dr0+ rd0 = 1.
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(i) If −〈v, v∨0 〉 > 0, then GE induces an isomorphism MH(v)→MĤ(FHE (v)∨).
(ii) If 〈v, v∨0 〉 > 0, then FE induces an isomorphism MH(v)→MĤ(−FHE (v)).
Example 7.1. Keep the notations as above. We set
d0 = −(r0 − 1),
r = d = 1,
k = −n+ sr0,
a = (r20 − 1)s− r0n,
(7.19)
where s > 0, sr0 > n > 0 and (r0, n) = 1. Then 〈v2〉 = 2s and 〈v, v∨0 〉 = n > 0. Applying Theorem 7.6, we
get an isomorphism MH(v)→MĤ(−FHE (v)). In particular, we get a more direct proof of [Y5, Thm. 0.2].
Example 7.2. We shall explain an example of two different K3 surfaces X,Y such that HilbnX and Hilb
n
Y
are isomorphic or birational for some n. Let (X,H) be any polarized K3 surface of (H2) = 12. We set
v0 := 2 − H + 3ωX and Y := MH(v0). Then Y is a K3 surface of H2(Y,Z) ∼= v⊥0 /Zv0. Under the
identification −θv0 : v⊥0 /Zv0 → H2(Y,Z), Li [Li] implies that Ĥ := H − 6ωX is a nef and big divisor and
Ĥ is ample if and only if Y consists of µ-stable vector bundles. In general, (Y, Ĥ) 6∼= (X,H) ([Mu9, Rem.
10.13]).
Proof of the claim: Let M12 be the moduli space of polarized K3 surfaces of degree 12 and M12 the
moduli space of quasi-polarized K3 surfaces of degree 12. Then the correspondence (X,H) 7→ (Y, Ĥ) gives
a morphism M12 → M12. Since M12 is quasi-projective (and hence Hausdorff), we shall prove that
(X,H) 6∼= (Y, Ĥ) for an elliptic K3 surface π : X → P1 of ρ(X) = 2. We may assume that there is a
section σ of π and H = σ + 7f , where f is a fiber of π. Assume that (X,H) ∼= (Y, Ĥ). Then there is an
isometry ψ : NS(X)→ NS(Y ) such that ψ(H) = Ĥ . By direct computations, we see that v⊥0 is generated by
e1 := 1−3f , e2 := 2f −ωX and v0. Hence NS(Y ) = Ze1⊕Ze2, where (e1, e1) = (e2, e2) = 0 and (e1, e2) = 1.
Since Ĥ = H−6ωX ≡ 2−3ωX mod Zv0, Ĥ = 2e1+3e2. We set ψ(σ+f) = ae1+be2 and ψ(f) = ce1+de2.
Since ψ is an isometry, ab = cd = 0. By ψ(H) = Ĥ , we get ae1 + be2 + 6(ce1 + de2) = 2e1 + 3e2. Thus
a+ 6c = 2 and b+ 6d = 3. Since ab = 0, this is impossible. Therefore (X,H) 6∼= (Y, Ĥ).
We shall choose a polarized K3 surface (X,H) such that ρ(X) = 1 and (X,H) 6∼= (Y, Ĥ). Since ρ(X) =
ρ(Y ) = 1, X 6= Y . We shall consider Fourier-Mukai functor defined by v0. We shall choose d1 = −1 and
l = 1. Let E be a universal vector bundle on X × Y . Then, by Lemma 7.2, we may assume that
FHE (1) = 3− Ĥ + 2ωY
FHE (H) = −12 + 5Ĥ − 12ωY
FHE (ωX) = 2− Ĥ + 3ωY .
(7.20)
By GHE = D ◦ FHE , we get an isomorphism MH(1 +H + 5ωX) ∼= MĤ(1 + Ĥ + 5ωY ). Thus Hilb2X ∼= Hilb2Y .
Since FHE (1 +H + 4ωX) = −(1− 2ωY ), we also get an isomorphism Hilb3X ∼= Hilb3Y .
For n = 4, we still have a birational map Hilb4X · · · → Hilb4Y . In this case, Hilb4X 6∼= Hilb4Y . We first
construct a birational map Hilb4X · · · → Hilb4Y and next we show that Hilb4X 6∼= Hilb4Y .
(1) Construction of birational map: By Theorem 7.6, FHE induces an isomorphism MH(1 + H + 3ωX) ∼=
MĤ(3− Ĥ +ωY ). We set v = 1+H +3ωX and w := −FHE (v). By taking the dual of E ∈MĤ(w), we get a
birational map MĤ(w) · · · →MĤ(w∨). We set vˆ := 1 + Ĥ + 3ωY . Since 〈(w∨ + v(OX))2〉 < −2, [Y5, Rem.
2.3] implies that H1(Y,E) = 0 for all E ∈ MĤ(w). Then GI∆ induces an isomorphism MĤ(w∨)→ MĤ(vˆ),
where I∆ is the ideal sheaf of the diagonal ∆ ⊂ Y ×Y (this is due to Markman [Mr]). Hence we get a desired
birational map
MH(v)→MĤ(w) · · · →MĤ(w∨)→MĤ(vˆ).(7.21)
(2) We shall next prove that MH(v) 6∼=MĤ(vˆ). We first describe the ample cone of MH(v) and MĤ(vˆ). We
claim that
(a)
Amp(MH(v)) = Q>0θv(−(H + 12ωX)) +Q>0θv(4 +H).(7.22)
(b) Q>0θv(−(H + 12ωX)) gives the Hilbert-Chow morphism MH(v)→ S4X .
(c) By the identificationMH(v) ∼=MĤ(−FHE (v)), Q>0θv(4+H) corresponds to the morphismMĤ(−FHE (v))→
NĤ(−FHE (v)), where NĤ(−FHE (v)) is the Uhlenbeck compactification of the moduli space of µ-stable
bundles.
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Proof of (a), (b), (c): Let Z be the closed subscheme of MH(v) such that FE(Z) is the set of non-locally
free sheaves. We shall show that Z ∼= FE(Z) is a P2-bundle over X × Y . For simplicity, we only give a
set-theoretic description of FE(Z) here. For more detail, see the argument in section 4.4.
Description of FE(Z): For E ∈ FE(Z), there is an exact sequence
0→ E → E∨∨ → Cy → 0,(7.23)
where E∨∨ ∈ MĤ(3 − Ĥ + 2ωY ) and y ∈ Y . Since GE induces an isomorphism X = MH(1 +H + 6ωX) ∼=
MĤ(3 + 2Ĥ + 8ωY ) and MĤ(3 + 2Ĥ + 8ωY )
∼=MĤ(3− Ĥ + 2ωY ), FE(Z) is a P2-bundle over X × Y .
We return to the proof of (a), (b), (c). By Li [Li], Q>0θw(−(Ĥ − 4ωY )) gives the contraction MĤ(w)→
NĤ(w) which contracts all fibers of FHE (Z) → X × Y . Hence θv(4 +H) = θw(−(Ĥ − 4ωY )) (cf. Proposi-
tion 2.4) gives a boundary of the ample cone. Since the other boundary corresponds to the Hilbert-Chow
morphism and it is given by Q>0θv(−(H + 12ωX)), we get our claim.
In the same way as above, we see that
(a′)
Amp(MĤ(vˆ)) = Q>0θv(−(Ĥ + 12ωY )) +Q>0θv(4 + Ĥ).(7.24)
(b′) Q>0θv(−(Ĥ + 12ωY )) gives the Hilbert-Chow morphism MĤ(vˆ)→ S4Y .
(c′) By the identification MĤ(vˆ)
∼= MĤ(w∨), Q>0θvˆ(4 + Ĥ) corresponds to the morphism MĤ(w∨) →
NĤ(w
∨).
Now we can show that MH(v) 6∼= MĤ(vˆ): Assume that MH(v) ∼= MĤ(vˆ). Then the isomorphism induces
an isometry ζ : H2(MH(v),Z) → H2(MĤ(vˆ),Z) such that ζ(Ev) = Evˆ, where Ev and Evˆ are exceptional
divisors of Hilbert-Chow morphisms. Hence we get an Hodge isometry H2(X,Z) = E⊥v → E⊥vˆ = H2(Y,Z).
Then Torelli’s theorem implies that X ∼= Y , which is a contradiction. Therefore MH(v) 6∼=MĤ(vˆ).
As a final remark, we shall consider the relation between MH(v) and MĤ(vˆ). Let Ẑ be the closed
subscheme of MĤ(vˆ) such that GI∆(Ẑ) is the set of non-locally free sheaves. Then Ẑ is a P2-bundle over
X × Y . We claim that MH(v) is the elementary transform of MĤ(vˆ) along Ẑ.
Proof of the claim: Let M˜Ĥ(vˆ)→MĤ(vˆ) be the blow-up of MĤ(vˆ) along Ẑ and E the exceptional divisor.
Let ξ : M˜Ĥ(vˆ) → MĤ(vˆ)′ be the contraction to another direction, that is, MĤ(vˆ)′ is the elementary
transform of MĤ(vˆ) along Ẑ. Assume that θvˆ(24 + 7Ĥ + 12ωY )|f = Of (−n), where f is a fiber of Ẑ →
X × Y . Then θvˆ(24 + 7Ĥ + 12ωY )(−nE)|g is trivial for all fibers g of ξ. Hence there is a line bundle L′
on MĤ(vˆ)
′ such that ξ∗L′ = θvˆ(m(4 + Ĥ) + (24 + 7Ĥ + 12ωY ))(−nE). If we choose a sufficiently large
m, then L′ is nef and big. Hence base point free theorem implies that there is a morphism MĤ(vˆ)′ →
Proj(⊕kH0(MĤ(vˆ)′,L′⊗k)). We set L := θv(m(4 + H) − (H + 12ωX)). Since m is sufficiently large, L is
ample. By the canonical identification Pic(MĤ(vˆ)
′) = Pic(MĤ(vˆ)) = Pic(MH(v)), we can identify L′ with
L. Since H0(MĤ(vˆ)′,L′⊗k) = H0(MH(v),L⊗k) and L is ample, we get a morphism φ : MĤ(vˆ)′ → MH(v)
which is an isomorphism.
Remark 7.1. By using Example 7.1, we can construct more examples of such pairs X,Y : In the notations of
Example 7.1, if r0, k > 1, then we can show that MH(v0) 6∼= X for a general X . If we choose n = ±1, then
we have Hilbs+1X
∼= Hilbs+1Y .
8. Appendix: Deformation types of moduli spaces of stable sheaves on K3 surfaces
In this section, we shall prove the following theorem.
Theorem 8.1. Let v = l(r + c1) + aω, c1 ∈ NS(X) be a primitive Mukai vector of l = ℓ(v). Assume that
rk v > 0 or c1 is ample. Then MH(v) is deformation equivalent to Hilb
〈v2〉/2+1
X .
8.1. Proof of the theorem. The proof is very similar to that of Theorem 0.1. However there may be a
(−2)-curve on a K3 surface. Thus for a divisor D, (D2) > 0 does not imply ampleness of D. Hence we need
a modification of the proof of Theorem 0.1.
8.1.1. The case where rk v > 0. We first assume that rk v > 0. By [Mu4] and [Y7], we may assume that
〈v2〉 > 0. Let X be a K3 surface and v = l(r + c1) + aω, c1 ∈ NS(X) a primitive Mukai vector such that
l = ℓ(v) and 2ls := 〈v2〉 > 0. We take a positive integer k such that n := rk − (c21)/2 > 0. Since (l, a) = 1,
we may assume that b+ lr := a− kl and r are relatively prime. Let L be an even lattice whose intersection
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matrix is given by 0 1 01 0 0
0 0 −2n
 .(8.1)
By Nikulin [N], it has a primitive embedding into the K3 lattice. By the surjectivity of period map, there
is a K3 surface Y whose Picard lattice is isometric to L. Since L contain a hyperbolic lattice, there is an
elliptic fibration π : Y → P1 which has a section σ. Let f be a fiber of π. If there is a reducible fiber, then
we see that n = 1. Assume that n > r2. Then every fiber of π is irreducible. Let ξn be a divisor such that
(ξn) = −2n and (ξn, f) = (ξn, σ) = 0.
We set w := l(r + (−ξn + f)) + (b + lr)ω. By Remark 3.4, Mσ+kf (w) = Mσ+kf (w), k ≫ 0. Since
〈w2〉 = 2ls, by Proposition 4.12, it is sufficient to prove Theorem 8.1 for Mσ+kf (w), k ≫ 0. By Theorem
3.15, we have an isomorphism
Mσ+kf (lr + l(−ξn + f) + (b+ lr)ω) ∼=Mσ+kf (l(ξn + rσ) − bf + l(r + 1)ω), k≫ 0.(8.2)
Since D := l(ξn+rσ)−bf satsifies (D2) = 2ls > 0 and H0(Y,OY (−D)) = 0, Riemann-Roch theorem implies
that D is effective. Assume that D is ample. Since (b, r) = 1, D is a primitive ample divisor. By [Y5, Thm.
0.2] (or Proposition 4.12, Theorem 7.6 and Example 3.1), our theorem holds for the case where ℓ(v) = 1.
Thus Mσ+kf (D + l(r + 1)ω) and hence Mσ+kf (w), k ≫ 0 is deformation equivalent to Hilb〈w
2〉/2+1
Y .
Ampleness of D: We shall prove that D is ample unless r|n− 1 and −b ≤ l(n+1)/r+ rl. Let C := ασ +
λf +βξn, α, β, λ ∈ Z be a (−2)-curve in Y . Since (ασ+λf +βξn)2 = −2, λ = (nβ2+α2−1)/α is an integer.
Since every fiber is irreducible, we get α > 0. By our assumption, 〈v2〉 = (D2) = −2l2(n + r2) − 2lbr > 0.
Thus −b > l(n+ r2)/r. Then we see that
(D,C) = −2nlβ − bα+ λlr − 2αlr
> l(−2nβ + λr − 2αr + α(n+ r2)/r)
= l(n(−2β + β2r/α+ α/r) + αr − r/α− 2αr + rα)
= l(nα/r(βr/α − 1)2 − r/α)
= l(n(βr − α)2 − r2)/αr > 0,
(8.3)
unless α = rβ. If α = rβ, then λ = (nβ2 + r2β2 − 1)/rβ. This implies that β = 1 and r|n − 1. Hence if
r 6 |n−1, then D is ample. Assume that r|n−1. If −b > l(n+1)/r+rl, then we see that (D, rσ+λf+ξn) > 0.
Therefore, D is ample. Thus our claim holds.
We shall next treat the remaining case (i.e. −b ≤ l(n+ 1)/r + rl). In this case, (D, rσ + λf + ξn) ≤ 0.
Thus D is not ample. By deforming the pair (Y,D), we shall reduce the problem to the case where D is
ample. Let (Y,L) → T be a family of polarized K3 surfaces of (L2t ) = 2k such that the period map of
polarized K3 surfaces is submersive for every point of T . Replacing T by a suitable covering, we assume that
(Y,L) → T has a section. Let ζ be a numerical equivalence class of (ζ,Lt) = (D, σ + kf) and (ζ2) = 2sl.
Let ̟ : PicζY/T → T be the relative Picard scheme over T and P be the universal family of line bundles. For
a point x of PicζY/T , we choose a sufficiently small open neighbourhood U of x. Then by the description of
the period domain, U → T is an immersion of codimT U = 1. Assume that ̟(x) corresponds to (Y, σ+ kf)
and x corresponds to D. Then in a neighborhood of x, there is a point y such that ρ(Y̟(y)) = 2 and Py
is ample. Indeed, it is easy to see that rσ + ξn + (r + (n − 1)/r)f , D and σ + kf are linearly independent.
Hence if ρ(Y̟(y)) = 2, then rσ + ξn + (r + (n − 1)/r)f does not belong to Pic(Y̟(y)). Thus Py must be
ample. Moreover we may assume that ML̟(y)(c1(Py) + l(r + 1)ωy) =ML̟(y)(c1(Py) + l(r + 1)ωy).
By using the family Y ×T PicζY/T → PicζY/T , we see that Mσ+kf (D+ l(r+1)ω) is deformation equivalent
to ML̟(y)(c1(Py) + l(r + 1)ωy), where ωy is the fundamental class of Y̟(y). Since Py is ample and Py is
primitive, ML̟(y)(c1(Py) + l(r + 1)ωy) is deformation equivalent to Hilbls+1Y . Therefore our theorem also
holds for this case.
8.1.2. The case where rk v = 0. We next treat the case where rk v = 0 and c1(v) is ample. Let Y be the
same K3 surface as above. Then we have an isomorphism
Mσ+kf (l − lξn + (a− l)f + (1 + b)lω) ∼=Mσ+kf (l(ξn + σ − bf) + aω), k ≫ 0.(8.4)
In the same way as above, we see that D := ξn + σ − bf is ample for −b > n + 2. If −b = n + 2, then
(D,C) > 0 except for the (−2)-curve C = σ + ξn + nf . Hence D and σ + kf deform to ample divisors. We
note that (D2) = 2(−b− 1− n). Since we can take an arbitrary positive −b− 1− n, our theorem also holds
for this case.
8.2. A remark on Theorem 8.1.
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8.2.1. A remark on Theorem 8.1. In the notation of 5.1, assume that r|((c21)/2+1) and 〈v2〉 < 2l2 (this case
corresponds to (D,ασ + λf + βξn) < 0). We note that v0 := r + c1 + {((c21)/2 + 1)/r}ω is a (−2)-vector.
We set v := lv0 − bω. Since 0 < 〈v2〉 < 2l2, we get l < b rk v0 < 2l. Then w := (b rk v0 − l)v∨0 − bω satisfies
〈w2〉 > 2ℓ(w)2. For a general polarization H , let E0 be the stable vector bundle of v(E0) = v0. We set
X1 = X2 = X and pi : X1 ×X2 → Xi, i = 1, 2 the projections. We set
E := ker(ev : E0 ⊠ E∨0 → O∆),(8.5)
where ∆ ⊂ X1×X2 is the diagonal and ev is the evaluation map. Then E|{x1}×X2 , x1 ∈ X1 (resp. E|X1×{x2},
x2 ∈ X2) is a stable sheaf of v(E|{x1}×X2) = v0 (resp. of v(E|X1×{x2}) = v∨0 ).
We consider a functor HE : D(X1) → D(X2)op which is the composition of reflection by v0 with the
taking dual functor:
HE(x) := RHomp2(p∗1(x), E), x ∈ D(X1).(8.6)
Then we have the following theorem.
Theorem 8.2. Assume that l < b rk v0 < 2l. Then HE induces an isomorphism MH(lv0−bω)→MH((b rk v0−
l)v∨0 − bω) for a general ample divisor H.
8.2.2. Proof of Theorem 8.2. Let X be a K3 surface or an abelian surface. We shall prove a generalization
of Theorem 8.2 which is also a generalization of [Mu5, Cor. 4.5]. In order to state our theorem (Theorem
8.4), we prepare some notations.
Let v1 := r1 + c1 + a1ωX , r1 > 0, c1 ∈ NS(X) be a primitive isotropic Mukai vector on X . For a general
ample divisor H , we set Y := MH(v1). Assume that there is a universal family E on X × Y . We set
w1 := v(E|X×{y}) = r1 + ĉ1 + â1ωY , y ∈ Y . We consider a functor HE : D(X)→ D(Y )op defined by
HE(x) := RHompY (p∗X(x), E), x ∈ D(X),(8.7)
where pX : X × Y → X (resp. pY : X × Y → Y ) be the projection. Then HE gives an equivalence of
categories and the inverse is given by
ĤE(y) := RHompX (p∗Y (y), E), y ∈ D(Y )op.(8.8)
HE induces an isometry Hev(X,Z)→ Hev(Y,Z). We denote it by HHE . We also denote the inverse (HHE )−1
by ĤHE .
Remark 8.1. If E is locally free, then HE = GE∨ .
We have an isomorphism NS(X)⊗Q→ v⊥1 ∩ω⊥X by sending D ∈ NS(X)⊗Q to D+ 1r (D, c1)ωX ∈ v⊥1 ∩ω⊥X .
Since HHE induces an isomorphism v⊥1 ∩ω⊥X → w⊥1 ∩ω⊥Y , we have an isomorphism δ : NS(X)⊗Q→ NS(Y )⊗Q.
This map is nothing but −θv1 in (7.3). For a Q-line bundle L ∈ Pic(X)⊗ Q, we choose a Q-line bundle L̂
on Y such that δ(c1(L)) = c1(L̂). Let H be an ample line bundle on X . Then Lemma 7.1 implies that Ĥ is
ample, if Y consists of µ-stable vector bundles. By the proof of [Y7, Lem. 2.1], Y consists of µ-stable vector
bundles unless E is given by (8.5). In this case, a direct computation (or [Li]) shows that Ĥ is ample.
Assume that
(⋆) (i) H is an ample divisor on X which is general with respect to v and Ĥ is an ample divisor on Y
which is general with respect to −HHE (v).
(ii) E|{x}×Y is stable with respect to Ĥ.
Remark 8.2. • If NS(X) = Z, then the assumption (⋆) holds.
• If X is abelian or Y consists of non-locally free sheaves, then the assumption (⋆) holds for a general
H .
Problem. Is E|{x}×Y always stable with respect to Ĥ?
For a coherent sheaf E on X (resp. F on Y ), we set deg(E) := (c1(E), H) (resp. deg(F ) := (c1(F ), Ĥ)).
We consider twisted degree degG1(E) and degG2(F ), where G1 := E|X×{y} and G2 := E|{x}×Y . Then
Lemma 8.3. degG1(v) = degG2(HHE (v)).
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Proof.
degG1(v) = ((rk v1)c1(v)− (rk v)c1(v1), H)
= 〈(rk v1)v − (rk v)v1, H + 1
r
(H, c1)ωX〉
= 〈(rk v1)v,H + 1
r
(H, c1)ωX〉
= 〈(rkw1)HHE (v), Ĥ +
1
r
(Ĥ, ĉ1)ωY 〉 (∵ HHE is an isometry)
= 〈(rkw1)HHE (v) − (rkHHE (v))w1, Ĥ +
1
r
(Ĥ, ĉ1)ωY 〉
= ((rkw1)c1(HHE (v))− (rkHHE (v))c1(w1), Ĥ)
= degG2(HHE (v)).
(8.9)
Definition 8.1. For a Mukai vector v = lv1 − aωX , l, a ∈ 1ℓ(v1)Z, we set l(v) := l and a(v) := a.
Since HHE (v1) = ωY and ĤHE (w1) = ωX , we get
HHE (lv1 − aωX) = lωY − aw1.(8.10)
We can now state our theorem.
Theorem 8.4. Assume that l, a > 0. Then HE induces an isomorphism MH(lv1−aωX)→MĤ(aw1− lωY )
for a general ample divisor H on X which satisfies (⋆).
By 8.2, Theorem 8.2 follows. In order to prove Theorem 8.4, we prepare some lemmas.
Lemma 8.5. Assume that a > 0. Then Hom(E|X×{y}, E) = 0 for all y ∈ Y and E ∈MH(v).
Proof. Since E|X×{y} and E are semi-stable, it is sufficient to show that −a(E|X×{y})/l(E|X×{y}) > −a/l.
Since v(E|X×{y}) = v1, −a(E|X×{y})/l(E|X×{y})− (−a/l) = a/l > 0.
Lemma 8.6. For a µ-semi-stable sheaf E of v(E) = v, there is a finite subset S ⊂ Y such that Hom(E, E|X×{y}) =
0 for all y ∈ X \ S.
Proof. Considering Jordan-Ho¨lder filtration of E with respect to µ-stability, we may assume that E is µ-
stable. If E|X×{y} is locally free, then obviously the claim holds. Hence we assume that E|X×{y} is not locally
free. Under the notation (8.5), if E∨∨ 6= E0, then clearly Hom(E,E0) = 0. Hence Hom(E, E|X×{y}) = 0 for
all y ∈ Y . If E∨∨ = E0, then Hom(E, E|X×{y}) = 0 for y ∈ Y \ Supp(E∨∨/E).
Proof of Theorem 8.4. By the symmetry of the condition, it is sufficient to show that WIT1 holds for
E ∈ MH(v) and H1E(E) is stable with respect to Ĥ. By Lemma 8.5 and 8.6, WIT1 holds and H1E(E) is
torsion free. We shall show that E is semi-stable.
(I) H1E(E) is µ-semi-stable: Assume that H1E(E) is not µ-semi-stable. Let 0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fs =
H1E(E) be the Harder-Narasimhan filtration of H1E(E) with respect to µ-semi-stability. We shall choose
the integer k which satisfies degG2(Fi/Fi−1) ≥ 0, i ≤ k and degG2(Fi/Fi−1) < 0, i > k. We claim that
Ĥ0E(Fk) = 0 and Ĥ2E(H1E(E)/Fk) = 0. Indeed degG2(Fi/Fi−1) ≥ 0, i ≤ k and the µ-semi-stability of Fi/Fi−1
imply that Ĥ0E(Fi/Fi−1), i ≤ k is of dimension 0. Since Ĥ0E(Fi/Fi−1) is torsion free, Ĥ0E(Fi/Fi−1) = 0, i ≤ k.
Hence Ĥ0E(Fk) = 0. On the other hand, we also see that Ĥ2E(Fi/Fi−1) = 0, i > k. Hence we conclude that
Ĥ2E(H1E(E)/Fk) = 0.
So Fk and H1E(E)/Fk satisfy WIT1 and we get an exact sequence
0→ Ĥ1E(H1E(E)/Fk)→ E → Ĥ1E(Fk)→ 0.(8.11)
By (8.9), degG1(Ĥ1E(Fk)) = − degG2(Fk) < 0. This means that E is not µ-semi-stable with respect to H .
Therefore H1E(E) is µ-semi-stable with respect to H .
(II) H1E(E) is semi-stable: Assume that H1E(E) is not semi-stable. Then there is an exact sequence
0→ F1 → H1E(E)→ F2 → 0(8.12)
such that (i) F2 is stable and (ii) −a(F2)/l(F2) < −a(H1E(E))/l(H1E(E)) = −l/a, where v(F2) = l(F2)w1 −
a(F2)ωY . Since −a(F2)/l(F2) < −l/a < 0, Lemma 8.5 and 8.6 imply that Ĥ0E(F2) = Ĥ2E(F2) = 0. We also
obtain that Ĥ0E(F1) = 0. Hence we have an exact sequence
0→ Ĥ1E(F2)→ E → Ĥ1E(F1)→ 0.(8.13)
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Since Ĥ1E(H1E(E)) = E, Ĥ2E(F1) = 0. Thus WIT1 also holds for F1. By (ii), we see that
−a
l
− −a(Ĥ
1
E(F2))
l(Ĥ1E(F2))
=
−a
l
+
l(F2)
a(F2)
=
−aa(F2) + ll(F2)
la(F2)
< 0.
(8.14)
This means that E is not semi-stable. Therefore H1E(E) is semi-stable.
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